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* Much of what we know about 3D (
"

3+1
"

) TI 's is based ②

on time - reversal - invariant free fermion topological insulators .

* Extensions of
these concepts to systems with bulk topological

order often involve fine-tuned lattice models and/or

parton constructions ( which often require
uncontrolled

approximations ) .

* The relation between bulk and edge topological
orders ( and

their +M) is poorly understood and their
universal

responses are not
known .



This Talk ③

* We consider a simple IN lattice gauge theory in
3+1 dimensions with a rational ⊖angle_

* We examine The topological orders of its

0-blix-im.ph#thKkandboundary-

* We construct effective hydrodynamic TQFT
's

of these phases and of their gapned surface
states



④

Symmetry Generalized
Oblique Global

Enhanced☒TI 's TI 's symmetries

Fractional

TI 's



Phases of Gange
Theon's ⑤

Confined
Decou fined

electric charges are confined
magnetic monopoles arid confined

Wilson loops obey the Perimeter Law

Wilson Loops obey the area law

T Area (F) W
,
- e-

Aw LCT )

Wp = { e
" topA) ~ e- w

'
t Hooft loops ◦by a Perimeter Law

' 1- Hoof Loops obey
an Area Law

Tp ~ e-
7-
Area ( p )

Tp :
" disorder operator

" that inserts

the fundamental flux
wit

P ~
e-

+
1-

1- ( P )
T

'
1- Hooft : ⊖ - angles induce ◦blithe confinement through dyun condensation



⑥Generalized Global Symmetries

* Global continuous symmetries have associated conserved currents

e. g. ∅ ix > = eid *, <⇒ Uci ) (⇒ jn / %jM=o
conservation Law : Q = / dˢ✗ Ji

,
( × ) is a constant of

Noether 's motion

-1hm
,

theories have global symmetries
*

#Én sun of flux quantitative )
e- 9 .

Uli ) gauge theory

Egn of motion : 2µF "= j
" ✓

If Ñ=o ⇒ 2µF MIO ⇒
Jinx F" conserved

i is conserved
Q = Jd

>
×
Foi

E

counts # of electric field
lines

Bianchi Identity 2µF" *=o ,

F^°*=
{
EM
" 'S

Fxs

@ 0 monopoles ) Qi
,
= Jd

>

×
Foi

*

# of magnetic
field lines

is conserved



✓ ⑦V11 )e global symmetry Wp → Wp ,
= e' 4- WE

V11 )
m global symmetry Tp → P

'

= e
"✗M Tp ✓

1-

Zero form symmetry : ∅ → $
'

=
eit 10 UCI )

A- → A,i= An + 2nd

✓
◦ he form symmetry An → An

'
= An +

✗
µ

( two _ form) Bµv→ BI , = Bau +2%-74
field

§
,
dxm >

^
=

✗
e-

( loosely speaking ) Wp and Tp behave as

" order parameters
"

( subtleties omitted
)



⑧IN gauge
theories with rational ⊖ - angle

( Cardy & Rabiuovici
1982 )

use the Villain form of the 2N Saute theory g

pni - i NO I fcx -51 Eµu✗ , % ,
T
>gt
IN -22%]2- =Tr exp [ Igi

µ,
- ⇔]
3211-2 ×

,
Ñ

↑ T T T
and

breaks
Pm , = On Av - Ou an -21T Sµuj 9in EM the symmetry
s~u= - some 2 ,

f- [ ✗ - I ) is
short- ranted +◦ In

with charge N

n
,

e 2
"partickw◦r"

(periodicity)
* a 'm = an + 21T pm ; Sµ↓ = Smut On Pv

- Dr Pu

* GEtry an → an + % , thick ,
%% -

☐ v2µ=o
Celectric) W

,
→ w Wi / W = exp (2%1)



Coulomb Gas Picture : charges and monopoles ⑨

Integrating a
,
out

2- = Tr exp [ - 2¥ ¥, , Mali ) GCE
- F) mac -5

' )

× , ×
,
(% + EYuC✗ )) Glx - ×

' ) ( nn( ×
'

)+¥mµC×
' ) ) ✓

- {
N's ' -2

+ i N [ mm (E) ,

( I - × ) nulx)

I
,
×

nm : particle world lines ,
90

n

string% { { ring ☐us > g
: monopole world lines

Dirac

m•
!

↑ ↑

(him) dym of electric chargeNj) and magnetic charge⑨
T

-
R Witten effect



Dym Condensation and Phase Diagram ⑧

if 2gii+N÷f(n+¥m Cards
( n ,m) dyon condenses

Rabinovici

m confined
C : non

- universal constant

)°°⑧
⑧ ⑧
€ "" ""

→ .

s( 1,0) ( 1,0 )
• • ° ⑨ •

-
osiisue

F-

q

C , 1) / Con) / 1-1,11confinement
P⇔
The statistics of an Chim] bosonic augur D-
is m -

21T

Fermions cannot ⇒ Only bosonic ⇒ ( n
,
m ) condenses if NnmiseI

Condense ! dyas can condense I fermion pairing => ( 2h12m )



④UV Duality and modular symmetry

* Define : T =
+
i

g~
( duality )

* S duality : (him) →
C- min ) i I →

- ÷

* T duality : ( nm ) → ( n - n ,
n ) ; T → I ✗ 1 ( Periodicity )

* S and T generate PSL 12,21 ) I → T
'
= {¥ˢa ;ᵈᵈ!

9. b >
C
,
de 71 ;

ad - be -1-0

7. [ i ] =
2- [ - ÷ ] and 2- [ I ] = 2- [ i. + i]

* Generalization of Kramers
_ Wanner duality

*
This symmetry generates the phat diagram



Observables of
the Oblique Confined Phases

* Wilson loops (W [ i]) ( T : closed curve ) ( world line of electric charges )

④

*
'

t Hoof loops (T [ r] ) world line ofma monopole

* dams 4W [ i]
£
'

TIP]
"

"

>

☒ 7- - femoral they obey
the arealaW_ ⇒

confined

* For m'Nn-q'm they obey aperinreteraw
⇒ deacon fired

→

* # Of inequivalent decou fined dyons is L=gcd(Nn,m
(W (f)

" "%
1- [ rj

"%
> ; k = 0 ,

. . _ ,
l - l (decou fined Elegant theory

*
There are also surface operators :

world sheets of flux
tubes

*electric flux tube
§
,
(E) ⇒ e

' Ee $ F
measures

the m# flux
I k

* magnetic flux tube Iom (E) ⇒ eiE§[F*
measures

the eleatriefkhx

* # Of inequivalent surface cops . in the ④ my phase is①



Cardy - Rabiuovici with a two - form probe field Bµu ④

* define a ( background ) 2.µ
two - form probe field BµvI2 Sir , Sir EE

-

locally flat : { Epnxg Ousts __ °

* shift t
in
→ Yuu + sµu in the CR action

-

Tv ±
@ µEI )global one - form symmetry : qµ→ ape +

21T §

Spiv → sµu +
☐

µ %
- Av %

We will see that
the 2N gangs theory has a universal "mass

"

"

response
to Bµ✓



Effective Hydrodynamic Theory of Oblique
continent ④

* Formally go
to gʰ→x and set D- = - 211-1

m

( god / him ) = 1)

⇒ % mµ=nn
↑ i→

monopole electric d- ( × )
E 2

current current

2- ≈ Tr exp [ - 21T£ § mineral + iNY÷ -2×4 Eµu×g"Tmˢ±
"' " Est" ]
=

*Continuum limit 2%14 → Éµ ; 2Tmˢµu_ → Ñµv
( Kapustin - Seiberg )

TQFT : 2- = gDñ DTs e- sdnallñib)

c-

Sanae [ ñib7=
- ing f Indi

- innings ^5
41Tygg.m.g.mu.mg??ig...g.mn

, ,,
,



Gauge Invariance and IR electromagnetic duality ⑤
5 → 5

-
d > > : one _ form field

* { a- → a- + Nn > ↓ ↓

* Sand changes by 2 'T im / dt dad +
i Nnm / ᵈ÷,nd÷,

- IF
^

IT

* On a closed manifold {the
1ˢᵗ term is < + i ✗ " "% "

g.e. gum, , ay.gg ,
the 2nd term is ziti ✗ integer ¥ Nnmisevhr

* Duality : S = -
i

:-, ftdñ
+ iN÷; /

bib
+ iN÷ fbnb

b → b + di

Integrate ñ out ⇒ 5=0!÷ fbda + iY¥ˢSb^b

iN÷fbnda+i¥ˢJbnb
-

i;gfñdñ - i¥- fisib

Cvnim ) ( m ,
- Nn)



Global Symmetries of the
TQFT ④

One - form Inn
@ctn:c)

-a→ at 1- E
"

,

de
" '= 0

,
§ E
"
= 211-2

Nn

a-
→ ñ+÷É

" '

,
d -8=0

, § E'
"
=
2+2

Tw°-fⁿˢ
a- → a- + N÷E

' ' '

,
f → f- ÷

€
"

a → a -

g-
É" ,

b → b + f-
É" ' 5 →5- ÷ c-

" '
, I → I + N÷

Ee '
€%ᵈ⇔

✗ On a spin manifold 05=0 ( mood 2ñi ) if= J=gcd(Nn,m!
⇒ 2

,
two - form globe / symmetry

* on a non - Sri manifold I = ¥ and 24
,

( fermions )



Balk Topological Order ④
Observables involve Wilson loops attached to surface operators

[ surface with boundary P = JI

⇒ W [ E)
%
= exp ( if § a + imqf

,

b) qe 2

( two - fom Gauge
inv . )

t

⇒ a particle (d) on ) ofh is attached to
the end of

a stri-I.fm#hfrx ⇒ so has magnetic charge

These operators have non - trivial linking
However W [ 1- ] = WEE ] = exp ( iN÷§pa + i NII f b)

I
L : godÑ⇒ the surface op . is invisible ( quantization )

"
⇒
These are the genuine ops . ⇒ global Inn → 2µm, [ electric )

In → Ima [ magnetic /



* Cloud surface operators ⑨
ÑÉk§zb ←

cycles of b are IT ×
2 ⇒

k ~ be + Nn

N "
when h am ,

the Murton op .

If k = m ✗ 2 ⇒
k - k + m [ can be ◦ boned and

terminate on a Ifm

⇒ # of ineq . ops . is k= 0,1 , .
.

,
L - 1 ( as i _ the lattice

model)

Num/ L
'

←

Braiding : * WIT ] has statistics C- 1)

* braidiybeqtweenpayrtidesandloonsfwf.TTU (E) > = exp (2ñikl(
P

,
-2 ) ) a-

t.CI
'

,

-2 ) : linking 1=1

⇒ dyon Whr ]
&

circling once
armed ULI)k has an Aharonor- Bohm phase

e.
i ¥8k ⇒ bulk topological order is the same as in [④
-



Surface Topological Order
and Anomaly Inflow ④

* If the manifold M has a boundary 2M ⇒ gaze anomaly

*
There are at least two surface TOFT 's

that cancel the
bulk anomaly

-

The bulk TQFT action changes by a boundary contribution

> ndñ
☐ Sanae =

'¥1m / > DX +
i

:-, f
2M 2M

Introduce
a one - form gauge field Cµ

at JM / Cpi' em - ✗µ

som -_iN÷ /men
do + i:-, /gmcndñ

⇒ sdnal t Sym is invariant

d5^ñ - iˢ5n5 ) +1 ( i ondci-ijg-cnda-i.I.ba:)
5=11:÷ on



④⇒ EOM of Ñ in M ⇒ d 5=0 locally

while globally § 5 = 2 ;
This bondary stat
is equivalent

to 5bm=0

Ñ (E) = exp / if c- if 5) ,

ÑCT )=exp(i§ñ+iNn§
1- -2

1- i

P = 2 -2 lies in 2M while I lies in M

⇒ genuine operators Ñ (E )
"

( s.t. 1,5 is
invisible )

bit EOM for Ñ ⇒ 5 / gm= de ⇒ [ (E)
m
is trivial

⇒ The 0¥ genuine ops . at 2M are
Ñ ( T )

Ñ ( E ) is a magnetic flux tube ( §m= , ) that
terminates @ 2M

It represents a monopole of electric charge N÷ ( +
Witten effect )

Statistics : { Ñ (f)
k

Ñ (pi )
"

> = exp ( 24-ikkhnn-lci.pl ) )



Surface Topological Order ④
For ° ≤ k ≤ E- I ⇒ Ñ ( n ) is an any on

at 2M

Ñ (f)
% has charges ( % , z) ⇒

sane as the belt W (T )

Other bomdary ops . are fusion of a bulk g. p .
and an anger

with ◦ ≤ k≤ [ -1

m

There are L bulk Wilson loops ⇒ 1=1 boundary ↳ ◦ pops . is
g-

✗ LIM

⇒
there are fewer types of anyone @

2M than naively expected

due to the one _ form symmetry and the inditedability of
the surface op .

⇒ Also the µ of surface any as is⑨
and has Ñ / gm=0

This violates the CR duality

⇒ There is a alternative surface theory with ④ "Yours
with Elam -0



CR duality revisited ④
✓ Under CR duality S → T

-s
- ÷ and ( nm ) → 1-min )

T → I → It,
and (nm ) → (n -n ,

m )

✓ These transf . nap Oblique Confined phasedÉʰˢ
✓ Bulk topological order is determined by L = gcd (Nnn )

,
C- I ]

" """

✓ S is a symmetry of Z but net of the correlations

want a sinning S duality that exchanges mnN
Cnottnt 1)



IR EM duality ②
=

IR duality

5 : ( Nn , m ) → ( m
,
- Nn)

preserve { = god 1 " " ' " )

I : cnn.am ) → ( Nn - m ,
m )

bosons fermions
✓ 5 preserves

the statistics while Ñ

but It leaves their statistics invariant
41T

✓ same as bosons have a ⊖ ugh periodicity of

and fermions of 21T

✓ Bilk Topological Order
invariant order

$

✓ Boundary Topological
Order in not

invariant

✓ § maps ≠ boundary states
into each other



Bnl iget Form Magnetoelectric Effect 2④
* Response to a background flat 2- form field Buu

←

Saff (B) = - i÷mf @ a + B) ^ @ a +B)

-

⇒ vortex current [ = * (dat B)
24Th

⇒ ,m as an universal topological index of

the oblique confined phase ( nm)
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