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Electromagnetic Duality(Dirac, 1931) B

5. E =
5e

B. B
=

0

x- +=I,xE+ =0

*EM Duality:E5 B (if I =0
and I =0

xelectric charge etmagnetic monopole
m

*Dirac quantization:
em=2it x S

*

En FMV =ju
-F
ev

=D j Fr=I nurs
* ↑ - I

P I dual
field tensor charge Bianchi

current Idulity field

*Bianchi Idutity > absence of magnetic monopoles



Duality of Forms ④
*Electromagnetic duality is geometric
-

*In Differential Gcountry a rector field An is

a form
*The field tensor F is a 2-form

ew

*The dual field **is also
a l-form

Mr

*In d-dimensions a p-form (antisymmetric

tentor ofracek p) is deal toad-p form

*In d = 4dimesims a 2-form is dual to a 2-form

xFn d =2 dimesions a 1-form is
due toa r-form

Gr =Eur24 Cauchy- Riemann?



-

↳attyin Ing Models ⑤

*2D: the Ising Model is (1941) 4 4 Y TY

self-dual (Kramers-Wanniers ↑14 +4
*Low T: Z is an expansio Iin closed domainwall

loops weight-e-4x
length ****

3

*Night:I is an expansio 44 4 T I high

in closed loops Domain walls
expansion

weight- tanh()
*rength dia

gras
(low i

I f(x)w(X)

xmaps hight --low
I

z =2e
I
2x, x'>

disorder it
order

[C]

*Self-and:
er/Tc_tank (Y,)

=>I=Ih(r +1) Oncaur,anys
Ewe]:Zops [tanhi)



*The high.To loops live on thedirect lattic

xthe
low- to loops (domain walls) live

a the dude

#duch to links

E-
1

This is thesame
as theduality of forms

loops
i X 2 Hanh i) I

direct High T:z
=I

dattic
Eloops]

G
- z)*#

Low T:z =
I
olarmain
walls



Field Theory Interpretation ⑦
*We can regard the P.F. Zas a sum over

histories of

spi configurations from
are row tothe next row

Path integral in a discretized imaginary
time

*

in
which

High Texpansion loops
Ex processes

*
pains of particles are---

created and destroyed

in which

*
Lowiexpansion

loops
() processes

of
domain

is are created

and destroyed

A Analog of
theCimaginary time evolution operator

is the transfer matrix

The classical d-dimentional Ing
Model is silt

*

to a quantue Izig
Model in d-1 dimensions



The Quantum IsngModel (EFXL. Susskid) ⑧
⑰1H

=

- 22(1) - x23(2)2,) +1) BC's

⑨ A small it Thigh
disorder

⑯ X large it
low it order

Global R, symmetry:R
=I4(2);[Q, H]

=0

flipping all spins
Y-1 I 5+1

dua lattice:midports
Quality:1x,XIX,X, X,X, X1 x-+ createsjj+1 X

domain

T1(5) =5(5)5,18+);4(2) =iW,(n) walls
n =j

(315 - 1)43(5)
=4(8); 2Y =4=1,441,ts] =0

H =

- 54s(I) tg(8 +1) - x I +,(5)
quality x x-> i =self duality (Ousater)



-mythe D = 3
Classical Isng Mode ⑨

*the wish Tepernicisanoven aftertissue
In D =3 the domain

walls are surfaces
*

u domain
wall

Adomainwall config can be pictured
as the

↑
-

volution of string in the
-

time⑧
-

u

du al latticeE the dual
model at low

I is a sun

=>

overloops and
at hight
is a se

over surfaces



The D=3 Isig Gauge Theory (Wegner 1971) ⑩

EI, gauge fields links 9 on 3 Jr=I1

Interactions mettes

z =2expC* maquette?) Itwasmatte
20n3

range invariance:
flip all Zusampe

fields
that shave X

-

X X
a site +x3

High T -> sum over surfacesurfac site

witha weight (tank it
Low T

= sun over loops of the
dual lattice

link

This is the dual of
the D =3 IngModel

Inc=bwereto plaquettes (I form>2form) fitplaquette



-

Gables ⑪

3D IngModel
3DI: gauge theory

Wilsa Loop (107:22 =5

correlator (5(X) 0(X)>
W:closed loop

-high I - e-
1x - x'/3 Ahigh T* 2 exp-Area (2))

disorder minment
me

A low T ~ ((r+e
r
1x- xyz

*low
+* ~expl-length (8) (

-mage
and few dinement

Wloop:
creates an creator:creates an open

-

open domain 2 flux tube ending
wall W

(defect) at two "monopoles
-

Area law in the ordered phase I confinement ) monopole andersation

Perinter law in the disordered



(EFDL. Susshind,'-0) Aniversiondimensions) ⑫

achl 7, gauge theory
-

H
=

- 22(2) - x[+g()5(5'3H
=

- 2qHink) - 53538325
<Fr links plaquettes

Global I, symmetry Local (quese) I22mmetry
R =Iites" (sites) Q(x) =π 0,(links)

links
that e

share X

C"star")*X
[Q(x, Q(I'] =0

[Q(x), HT
=0

Gauge Invariant
states

I Q(x) (Phys) =1Phys) Gan



Quanther version of Duclity ⑬

plaquette·

=,candrites

dual link
8,(link) = Iz TB

⑧

dual Tr, =1
I

link star

The invariantsector (R(x)
=1) of the

gauge--

I gauge theory with couplingof maps
onto the

2Hdim. Isny Model
withcomply X =I

H
=
- 25 - q
I 5353455 H =- 25 -

i It,

links plaquettes duality

sites are
dual toplaguettes, links are

dual to links



Picture ⑭
Phase (978) (use , rignstates (

X
(an) =2 +1537 Ielectric loops are

loops &

loops created
small to a small

by the plaquette
ofer stor

*Atg, proliferate

* ForqC>9, we approximate
H = - 2 W2O,

plaquettes

P(x) =1 ) "ToricCod")

*On a forms ithas a reracy (Topological
Phase)

*The dual is Hing:-
It, =disordered phase (Kitzer, 1997)

situs Conique
state)



Vortices and Mmopoles I⑤
We will discuss models with a compact) U(I) symmetry

Complex scalar P(x) = 1P(x) e
i(x) It defined mod2i)

Order parameter ofan XY classive spin,
superfluid

or an
incommerciate CDW

Global symmetry Pax) -> baxseix() f(x)
->0(x) +C

⑳phase (Tlow)/P(XI=
Do

z =(00cx) exp(- (d g(0)")
0 =0+2π

g =T/5/PR c
i =
5lbo!=stiffness



Vortices ⑯
-

C: closed oriented path

D C Itgethouseine:OLY - iO L4
(0) c

= I m
-

2π C O vorticity
m:topological invariantunder Amook deformations of C

Ex) is a map of C-> phase field
eiO

-

homotopy
- O(x):S1 -> S1 4,(S1) =k class

- ↑
I Target Itargetbase base

m:windong number



⑰
current =InO

vorticity W(x) = EnvCntr =3 GCr8(x)
- Mr

4

Levi-Civita

=>O(x) has a
branch notsingularity accross which

it jumps by sim

35j) withtopological charges
Asetof vortices

atlocations Smyz

=>w(x) =2n 2mj045
-xj)

z=x,xXz

=2+ 7jmj
Im m(z - zj)

Define of, theCauchy- Riemann dual quo-Euror

-> - x=w(x)



⑯
=>0(2) =SdY G(1--1) w(I)

- D2G(x -3) =0,-y) Green, Function

0(1-3) =ith() wumtoftsit.

G((x -y)) =0
--

If (x-y) < a

oftapeorto JaxJgwx ax-y)we
= 2π54.Eager(x)

which is IR divergentun zjmj =0 (zeroty)

zxy =Z Cantab -Zrjep(-je (x))
as



Kosterlitz. Thouless Transition ⑰

Atlow T thevortices are band in neutral pairs

The free energy of
a vortexis

Fortex =Evortex
-
Y Svortex

(2:linear size oEvortex =i5140h() - Energy thesystem

Svortex= e() - Entropy
Frortex (Tax) =0 E) Tux =I

5 Po

Ts TGTvontices are suppressed

T > TKT vorties proliferate



A

native Picture ⑲8
LetAr be a background III sange

field

-

2 SA) =S00e
ig(d (60- Am)

LetAn representa vortexfield EurCmAp=
W(x

Hubbard. Strator rich:

z(A] =1000m e
- 2(dx a +i(dxq(0 - Ar)

=>Eu End

z(A3 =#(00
e
- (axCrv)+i/a w with jaxw =o

Duality:1x> d and 955



summing over
vortices with core energy

um ⑲

z =2 (00 exp(- 2/dx[d)"+iE wimje(x) -5 m[Mj]

z =e

- 4+
x1 =mly mj =0,11

contribute

=>z =(OD exp[-jdx((Ed)
- cos(rO]

sin-Gordon

v =2 z/a

vortexcorrelator:(t
2πi(x) e-2i(y)y =nig

=>scalingdimension Dvortex**/9
=>vortices are dentif vortex

<d=3=9,

->KTtransition

*(ei-io() ===sg is present an



Magnetic monopoles in Compact QED d=b ⑳
/Enclidan spacetimes

Dirac mmopole Bi(x) =12 - 24qdi,f(x)d(x) (- xy)

Diracstring
Lattice mode (Polyakov, 1977)

-
E -z =HSdA exp(ie asit L ④°
I

-

↳

Fur:fluxthrough a plaquette

Fur= nAr-Dr An
range invariance:Art Art

On (X)

I = E I =2xq
Periodicity: A -> An+2πh, u

M

I F

be e u
=1 & Bianchi

Identity]

faces

=>allows for monopoles with 82



we will follow the same approach we used with vortices ⑫

=>But is a background 2-form field (But-Brr)
CKalb-Ramand

z[Br) =S0 An exper(ax (Fro-Burl)
Far =GnAs-Cr Au; An-> Anr*; Bup-

Bur

We also have Ant Auto Burt Burt
G Ar-Cr Gu

(I-form gauge transf:)

Monopole density:M(x) =ex2jmj(x-xj)
M(x)

=IEnrx DuBux

z2B) =/DA Obnesp)-e(dxbr+ ifax PurlFar-Brd)
=>Oubur =0

=bar= Emux2,
(compact scalar)

invariantunder 0 ->
0 +x (6: cost mod 2i]



=>z(B) =(00 exp) - (dx(r)2i?mjwit)
2

=>z =2'z(mj)
=(00 exp) - (dx(E-pd) - vc0serr))

<mj]
Sine-Gorden!

v
=

2 exp( - n)/a (u:coreeners)
but

Monopole correlator

<e :20(x-i20(3)) =exp(er(E - )) R=(x-y)

-> cont

R-D

=>Monopoles proliferate deto
=> In d= 3 theenergy sy but theentrory - en()

confinemetby monopole coderation
->

Wilsmloop:WI =Se "G**An] has an area law -> confinement

<Polyabov, 1977)



Higgs, Confinemet and Topology (d=3) ⑬
Consider a theory of complex order parameter of charge n2I

coupled toa dynamical V(I) (compact) gauge
field

Order Parameter field elO(x), An gauge field

n
=2 is (withsome cavects) thecase of a superciductor

in
a
tiks

Lattice model:G(x) on sites and A

2 I

z =ne(exp(SCO,An
cos (Fur)

S =B
cos (80 -nAn) +-
I
9: plaquettes

links

9 -0 =Fato (moden)
=> 3DXY

model->"s"Anlarge

B -0
=Polyakon's QED

=> uniret



Q: How are
theHiggs and confinentlimits related? ⑭

92:Are they differentphases
Answer:itdepends m (EF&S. Shenker 1979)

n =1 O =0 mod 24

S

LasseigO -
*

=p), spin
mode

HissS E Charge 1 Wille

·2 critical looks are

I *c Y
HigsS

- endpoint -
de can findFant*

compact

3DXY

confinement

T -QED
an a lytic Higgs and Erfirement
No phase are the same phase
transition -



Consider the deconfined phats n>1 25

z =(000Anexp(- (d)(0- nA)" - ign Fr](
for x 1

Hubbard
-
Stratmo rich

z =S600ADa e-
Six i+ iJan CO - n An)-?grr

Integrate Oout=> On 9m
=0 =A =EnwxGrbx

z =90b 8A up (infaxArExOsb, -(dx frr - (dx s-Fr)

Formegame"writerand heis

Apological Higgs

Thereis ever a Higgs phase



Fermicus in one-dimension ⑯
E(P)

I(P) = v(P -Pr) - vr(P +Pr)+.. -

i i
E
F E(x)

=4p(x) eiPrY
+4y(x) e-iPf*

-

- PF ↑ PF P density f(x) =Ex)
(x)

i2Pr Yre
*

efilled
=S +4R4R +4! 4

+4,4,e
states

slowly varying dusity:do
=Ym+44= 3R +3

slowly varying current:
I =44-4,4 = Sm-32

4) Y,N)=Order parameter of a
CDW withQ=2Pr; complex

finla

If <4p4, +414r) t0 -> energy gap
at p = IP

F

The density, currentand the CDW O.P. ariant under the

Segaugetransformation [(x) +(x)
=e0 E(x)



27

*918
=P-P

etc.
4 =(I) Dirac spin o

H =

- v=(4,"ic, 4p -v4,
i2, 4)

2x2 Dirac
W-matrices

filled Dirac sea

V =4,,vx =

- ikV5 =
23,[UmUr3 =

2 EniGr=(!!)

Dirac Lagrangian dusity 2 =iUnC24;F =4.

Ithas two continuous symmetries
* 4(x) -4(x) =

ei04(x) =4n=ei*4p,4=ei04(gange)

*4(x) -> 4'(x) =eiVs8 N(x-) 4r=et*, t=ei*4,(chind)

Q: How come we have two symmetries?



Chiral Anomaly ⑳
* The massless Dirac theory has two global symmetries
cohereas themicroscopic model has only one:gauge invariance.

*In the massless bines theory up and is are preserved
x
two currents:thegauge current t

n
=YVn4, 2n JM =0 and

the chinal current=YU554;CMI =0

(n =13k+3,15n-34), 6 =(5x-3n,3n +1)

*If we couple the theory to an uniform electric field E

=>

I =I
E and d =-E= A= =>electric charge is conserved

But

de5=E - chiral change is not con served

Sfollowing H.
Nielsen and Y. Ninomiya1982)

This is
theromaly



Chiral Anomaly and Bosnization 29
The normal-ordered gauge charge density to and currentdi

satisfy theequal-time commutator

Matlis & Lieb, 1965

Si,(x, j,(x;1] =- y01d(x, - x!) Luther & Emery, 1974

5. Coleman, 1975

[Up(X,3, t(x1] =[t,(x,),,(x,,1) =0 E. Witten, 1978

Let to be a real scalar field and it the conjugate mounter

=>[P(x), T1(x)] =id(x -x)

=>We identify f(x) =G4,6,(x) =

- 4x) =-P
=>in(x) = Em6"P Iduality!) E) seg = 0 V

But I= Env ju - crj = - 26 =24j=0 =Pisa,free!M
2

2 =FiUrGYa-> 2 = (m)



coupling toa gauge field ⑳

2 =FiUrG4-eAr FU4
Inthebosonic theory

2 =
=
P) - Ap

=>Eq. of motion - 2 =

IEnCAM=
F* (dud "tensor

=>Crin= -0 =EF* chiral anomaly!

Total fermion #N=2 &

Mr
=(dx, p(40, 41) =?dx,0_ Pxo, 4,1 =(P(x,4) -dx0,0

O

=>b(x, +x) =4(x,) +FN ==
bisa compactified scalar

↓(x +)
=b(x) + 2πRN => R

=
1/ compactification radius



Operator Mappings ⑰
+

A compactification requires that
theobservables be invarian
n

under of P + 2inR, with
nEX

= Va(P) =exp(i <P) is allowed if a
=4=

2

n

scaling dimentioh=

P =Pp +P,w =

- Pp +4,0(xo,xi)
=("dx;π(xo,xi)
- D

=>2P =EprC" (auchy-Riemann)

Fermic Operators (Mandeltan,
1975)

4x) =a:exp(ixPr):,
4rix) =iaexp(-i du

scaling

+4
=
Y4 +4,423a:cos(4): I diesich

mass operators: i NUsY=iC44-44alst a:sin (p):

2 =FiUrO+-m44 <> 1 =PrP)" - gcos(d) since



3D:Particle - Vortex duality
In 1978 -

198,
(Peskin; Stone Thomas;Dasgupta, Halperin 3

*Global U(1) symmetry
*3DXY model (Superfluid)
*High T:gas of closed -
loops with short-range
interactions (i.e. Particle

worldlines)

space
*Low J:closed vortex loops ->

2) Biot-Savartinteractions

* Particle
- Vortex duality



simple derivation of ID Particle-VortexDuality ⑬

*We will follow thesame procedure me and in 20

* F(x):phase field of a
3D confluxfield

crectr

*Anx):background gene field that
will

vortices

z2A) =(88 exp(- ig/dxGo - An))
vorticity walk) =EuxGrAx =2πZlx

dix - xn)

vortexloops

6w =0 )Gl =0
M

Hubbard.Stratovich

z(A) =(800bexp(- (4x2b+ ijdxbr(20
- Au))

=Job o(abn) exp(-faxb+ifdxbuAn)



Umb =

0 =bu =EnvxGrax;fr=Gnar-bran
③Y

=>z(A) =(09xp) - (dx fr+iJdxanEnxCrAx(e
wr

Note:These steps contain thestatementthat in 3D

the dual of aGoldstone field (8) is a gauge field (an

compactification of O SIS charge quantization
Nextwe seen over vortex configurations

z =20(214) (89exp(-jax?tr+ian(Xa
El

upon adding an energy/eangth
tothe roadius

and a
short

m0
range repulsion (no crossing)

=z =J0a8PO* p(-jax (fer*+Dat
+sidlY)



*The theory we derived is the 3D Abelian - Hisge model 350
This is the same is a supercuductor of couped to a

fluctuatinge.m. field an

*Introduce a probe field Be => Ant Auto Bu

This leads inthe and theoryto an extra terme

xp(-ijdx q BExCraw) (825 charge)

=>current -> G Eauxfrax
er

*For miso we can run
the duality backwards and

map the things - superandiating phase totheunbroken

place of theXY model



Field Theory Picture of Particle - Vortex Druality ⑬

*-A I
background
field

2:IPA Pl- m: PP-nIP1* D
A
=8 -

iA

external field

*I
↓ 2

I =IDa41"m" 41" -
u1414 +1 Ex Ava

- Her fur
2π

dynamical In 5x ↓EnuxC
W

A
x (particle - vortex)

2π
field

Dualitymaps the
unbroken please ofA

to the Higgs phone of

broken phase of A
to the unbroken phase ofB

& Wilam
- Fisher Fixed Ports are mapped into each other



arogization:Web of Dualities ⑰

⑦Particle-Vortex duality (Peskin, 1978;
Dasgupta & Halperin, 1981)I dynamica

IDal-m" lIlulEl"- lDy4l+
m2 l4r-ul44+1 Adb+Maxwell

-> 2π

external
vortices -> particlesThnuxsubi

② Bosonization (Fradkin & Schaposnik, 1994;Seiberg,
Senthil,Wang & Witter, 2016)

↑(iYA-M) 4-AdA
IDaPP-mlDY-ulPl"+ ada++adA2π

- a -

Dirac fermion =mmopole; FUR4 => 1 [Nx8.ax
2

③ Fermion Particle-Vortex duality (Son, 1015;Metlitski & Vishwanath, 2016)

↑GA -M) 4- AdA (iDa +M) X tada - adb+ bdb - bdA2π
-

"RED,"



*In general dimerion duality often make
theories

with I character and symmetry
*In D =4=gauge theory -> gauge theory

*There are many other
dualities

*
AdS/2FT2> gange/gravityduality

*
S and I dualityin String theory

IS quality is related to particle-wortexduality)

* Conjectured
web of dualities

in
24 dimensio

*Fermim -> Bosa dualit

*Can we

"derive"these conjectures?



strategy for a derivation (coldman &EF 2010
* We will use generalized loop models near

criticality but still in the gapped phases

xGeneralization of theparticle-vortex
dualit

We consider loop models
in2+1 dimensions

*

*Assume
thattheloops

cannotintersect

*Include phase factors
for linking numbers

France theloops and
include self-linking

*

and Berry phase factors -> fractional
spin



Loop Models in 21 Dimensions ⑩

s(e) +i,(e]
z(AT =2 'd(emba) e

-

I
↑ [In weight per

unit lengthbackground ↓interactions
field loop configurations

<"conserved currents")

E21):linking numbertself-linking
number + Berry phase of

the frame

Linking # of
two loops I,

and le

int & =2 x linking # of ,
with 12+

-WCe,3 +wfe2]

W[I] =SL2e)- TI] ="writhe"

T worldline Y twistself-linking



⑭
Twist Tse) =i (as)ane.,exa↑

tangent
and Berry phaseT(l) in general is not quantized 3

depends on the metric of Me
frame

Linking # of ,
and la

: Ny 5 topological
a:Gdzn.n F invariant

Se e,n 12 ↳mer = e ↑

- Simms linking #

wilsm

loop in S =Saxadachurn.Simous

Theory (Written 891 ↳ 2 X



Example (- Polyakov 89' ⑫

*Efermion =Det (- M) =(01 512(r) e-
(ML) -: squ(M) SIS

4 YY
loop linking #

representation ↓
k=1 ↓spin factor

xIbom*I PaPl" -
m'lPP-e 1P1+yada +adA

= (A) =(&&8(2in) e
- (m)([j3 +: S(5,9,A]

S[5,9, AS =(d [k(q - (n) +iada
- i AdA+...

3

Integrating over a -> - 43(13 +(dx( An- AdA)



-> Itermin*Y (PA-M34-4AdA with MCP ⑬
Y

anomaly (3 invariant)

Zjernim (A, Mco] e
- (A)_ (85 wis. is e

- IMI2[j]

15. A,M<0]- iStermin
C

e

-? SisLAl

Sfermion (1,1,M(0] =(dx[J.A - , AdA) - [IS

*To getthe bosmization identityfor M30
one

uses bosmic

particle - vortexduality
MC0 =M20 =)Oxy

=0 =eh
In the fermionic theory I

*

*In thebosmic theory this is the transitive from
broken tothe

unbroken phase



Fermin Particle - Vortex Duality ⑭
*Duality from a free Dirac ferwin - GED, with <

quartized 25 term

↑(A +M) 4 - 5AdA -> ciPM)X+ ada
- I adb+bdb-1bdA2π

door
mites ↓

2π

- (5) +fax).e- adb+ bdbL 4π

-> jaxiA+() integrate
-

- bdA]
out band a 2

Zfernim(A,M] =ZgED, (A, -M); zf(A, - M) =ZpED, (A, M3

currents:FUM4 = Envxenax



*

plication.Fractional Quantum Hall States ⑮

In the beginning .... two-dimensional electron gases inlargemagnetic fields

3

->I
Oxy= ve, xxt (ieo
no dissipation

I

Em(t,...., zw) - (z:-ze
-i (1983)

Laughlin i F
-

filling V = I i [Ej):electron
coordinates (z =x +iy)

m

fraction lo: magnetic length

Jain: composite fermion:election +(m-1)
fluxes (madd)

FOH state:ICH
stateof composite fermione

-> v1(p,s) =
↑

P =1.2, ... (Laughlin :P
=1, +(

-> espI=
S =0, 1,2... m

=
2S +1

odd denominators



1
The excitations of FCH fluids are vortices ("quarinaly") that ⑭
a carry fractional charge g =- [

25411

⑥ fractional braiding statistics (anyms) (Halperin'
By. Arous, schriefter

and wikzek '84

② M degenerate ground states on a torus (topological protection)
I

i4

amplitude w
e

ambt rx =

i
->s labelled by one-dimerical

2SP! I representations of the Braid Group

space Veil,i4z_ e",+92) /"fusion

Wen: Effective Field anVa* + ↳ Exta*A*-j arer -

2π T
-

~ 1990
Theory

2 =ex
T me ↑

Vortex
Chern-Simons term current e.m.

worldlines/Laughlin states)
On:hydrodynamic gauge field

field



Duality atthe FQH Platem Transition ⑰
(Hart Goldman & EF, 2019)

xlimiting value of
the Jain sequence

lim 1
-

=⑧2n
*In this limitthe average

CS field cancels A
-

*Halprin-Lee - Read:this is a
"Fermi Liquid"

aGood phenomenology but...

xsingular forward scattering
interactions and violation

of particle - hole symmetry
at 0 =b(v4, - r)



Symmetry of the I-V curves atthetransition ⑱

*
The I-V curves show I FOH

-
at

the
a "mirror"symmetry transition

atall transitions

H insulator
↓
For general Jain states

v

v
=

2+*v =E I-V curves at the
2n(1+p) - 1

0 = I transitio
*

For v =yz E) PH symmetry
(v

=

1)
Hall insulator FRH



v =1: Sm's conjecture ⑲
General: =1
cus

2n

I
yan
=i4.4 -

) - ii) ada +25c4adA+t 1 AdA-

2n4π
-

->
-

-
8 x A =B

a:flux attachment

Electron filling v =b)a *Ym)=it(1+ B)
3
*

wra =0 =r =1
zu

Composite fermion 4 Fermi surface butby do

34
=i( - ct)bx - in

zu

T



5
-) up =2π =i* r
filling
fraction

=>If Vp
=p +1 - v

=+
of 4

Direc
But, of Up+-Vp => v =-- -&

CPH transf.)

=>PH transt. of the
Dirac composite fermion

is equiveltto the reflection symmetry!



Self-Duality at theTransitica ⑤

* Use fermion - boom duality

Ryan IDq-APl"- IP1"+9d87
*Followed by a (boran) particle-vortexduality

P&y,7 7D,YR-141 hah+1
hdA
25

* V =
t *4
In
55 Up = - Vp =1

4Reflection symmetry Up (V)
=- "y(V")

*Reflection >
bosn-vortexsymmetry!

*Reflection symmetry at
v =in boss

self-dudity!



Non-Abelian States:Moore-Read (1991) 2
E#fian

Emp(:))-Pf) (zi-zj)
e

- ent, i
zizie

Pfaffian:expectation value of chiral majorana
fermions Axial

Propagator:(X(z)
X(W))=

2 - W

P+ (=izj) =(X(z,) ...x(zn))
- "paired states"(Px+ipy superconductor)

4(z): chiral born
9(2)-4(z) +255

Embr (XCED ...x(zr) (IT,e"Yct))
e- (as.412')

I

Filling fraction:Vi n
neven -> fermions; n odd -> bosons; e.g.

V = = fermins

v =1 bosons



Generalization:Read-Rejayi states (RR) (1998) ⑬
Based on 4 parafermions (and SU(2a)

Yn,m(z) +... Fradkin & Kadanoff
Y(z) *4m(zi) - z))in+m - But m (1980) (!)

&y =n(k
-n),n,m =1,...,k - 1

k

RR states use
theParafermion CFT (Zamolodchikor &rateev,

1985 C
Gepher & Qin, 1987

↓ me vanishes when
ne

Exp(sti)) -(4(z)...4(zw))j(z:- zj)
* Il k+1 particlesx gaussians

come together.

M27 divisible by m;
Meven:boss, Modd:fermions;

v
=mk

+2

II clustering

The most interesting case is b =3((y) (r =2(B),z(F)
In addition to the 4, Parafermion, it has a Fibmacianyon

I

SU(z)

Fusim rule:1+i=) its unitary braiding
matrices cover

->universal quantum imputer(Fibonaccisequences



metiveFieldtheoryapproaches Fordhanaez" ,20 54
-

consider layers of bosons in anti Laughlin
state

E
②

↓- Ei-zj) xgassions
--U(1)2

"I For eachlager 2 =ux
aroat...

=ada+Adat.

UK2 x ... . xU(1)2
symmetry-

↳ factors

Chere-Simons W(IIe 5- SUII group is
non-abelian

level - rank the braids are allian

duality Ic e"*/k j =0,



Q:how to getto a state with non-ablian statistics? ⑮
⑥Hint: somehow we need a theory on SUI

S WC23k S
P

You need WII,X...xU(I, ->⑧
-Pr

⑰Quse
the Chern-Sincous lvelorank duality

-P3

SUCK, Y ...x SUC21 etc

SOC2)
② constructa condensate ->

<Pj P+ Fo
The 1999 paper

did this by condering pairs

of excitations on two layers ata time

=>Higgs (Meissner) mechanism projects
into

a statewith symmetry SU/2)R (clustering)

1999 was basically right (butnotcompletely)
=>Dualities solve the problem



Construction of a
FibonacciFGH state (Goldman, sold, 9F,2021)

IWant a FGHstate with only Fibonaccianyons

T * T
=11+I (and no other anyons)

=> universal quantum computing (3 e's form a qubit)

*Topological 9FT?

(2)
,

412, 1 =
SUIY, x Ulla

Iz

&Fib=1 Tr(ada-ia) - 1,Tr(9)
dTr[a] +i*4

T
I

Su () gauge field u(1)2
2

->v =2 (0xz =2e)
k



Astartwith a

layers ofcrispandtransitmayors
t

IQH v =2

v =2 ↑
·IQH

v =2 Da =2 -

iA Parity
IQH anomaly

Free Dirac
45> Wilso-Fisherbos p + W (N)1

Duality:
Ok enice WIN)Zeff=-M AdAFrivial)

*Set N =2

2 =I(IDan PP-r
IP-1P1"+2cs[an]]4 AdTr[9,-azta]

*Clustering:(imn) =<PPr)
F0 (m+n), <Pn) =0

=>Pins a,
=9m

=az =a =32,AdTr(a,-a
+as) =2+Adir(a]



*The physical densities
are pinned 11= -32 =3, ⑮

->layer exchange symmetry is broken

=>Lucy, 2cs(aS+,A
dTr[a]

*To Set Fibonacci E) attach a
unitof flux to

the fermions

=>fermions -> bosons

flux attachment:32,(a] +=
bdT r(a) +,( +A)d(b

+A)

2π4

fluctuating filea

*Integrating outby => obtain 2 rib!

=>interpretIP as the Fibonaccianyon



* Alternatively we can attach (t) fluxtolayers 1,3 ⑲
and ECto layer 2

before clustering

=>layers 1,3 become IDAI+ A dA (trivial)

layer 2: IDsE+* dx +d
+2d

+*dA

layer 2=> Halperin (,2,1) state
Transition (2,2,1) 55

Fibonacci

V
=

- 2

am(2,2,1) E) FibonacciU(2)s,I (2,2,1 Halperin

↳ ⑧>> 7

V =-2 <Ymn> *O >mn) =0

One can use this construction to

derive the Fibonacciwave function!



⑩
*Non-Abelian dualities can be used to understand the

landscape of non-abelian FOH states

Adefine physical parentstate

Aconstructidal wave functions wingCFT
methods

xhopefully to find simple Hamiltonians!

*Opus a window to universal TQC!

PRB 100, 115111
(2019)

Iinferences:Goldman, Sohal, EF
102, 195151(20207
103,235118(2021)


