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1 The Forced Harmonic Oscillator

In this problem you will consider a forced linear harmonic oscillator of mass M ,
and angular frequency ω0. The Hamiltonian of the oscillator is

H =
P 2

2M
+

1

2
Mω2

0Q
2 − J(t)Q (1)

where P and Q are the momentum and position operators of the oscillator.
The external force, which we denoted by J(t), will be assumed to be absent in
the remote past, ti → −∞, turned on slowly (“adiabatically”) and turned of
(slowly again) in the future such that it vanishes at t → +∞. The form of the
time dependence of the external (driving) force will be specified below. We will
assume that in the initial state the system is at the origin, i.e. is an eigenstate of
the coordinate operator Q with eigenvalue zero, |0, ti〉 (with ti → −∞) and that
at t → +∞ it is measured at an eigenstate of the coordinate Q with eigenvalue
0, i.e. |0, tf〉, with tf → +∞.

1. Rederive the expression shown in class for the amplitude 〈qf , tf |qi, ti〉 as
a Feynman path integral. Show that for the case at hand the amplitude
〈0,+∞|0,−∞〉J in the presence of the external force J has the form

〈0,+∞|0,−∞〉J = exp

(
i

~
Scl(J)

)
〈0,+∞|0,−∞〉J=0 (2)

where

Scl(J) =
1

2M

∫ +∞

−∞

dt

∫ +∞

−∞

dt′J(t)G(t− t′)J(t′) (3)

Here G(t− t′) is the (Green function) solution of the differential equation

(
d2

dt2
+ ω2

0

)
G(t− t′) = δ(t− t′) (4)
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with vanishing boundary conditions at t → ±∞. Which Green function
should be used in this expression? Justify your answer. Find the explicit
form of the Green function G(t, t′) in real time and in frequency ω. Be
careful to make your prescription for how to around the singularities of
G̃(ω) explicit.

2. Show that for a general force J(t), Scl(J) is given by

Scl(J) =

∫ +∞

−∞

dω

2π
|J̃(ω)|2G̃(ω) (5)

where J̃(ω) and G̃(ω) are, respectively, the Fourier transforms of the force
J(t) and of the Green function G(t− t′),

J̃(ω) =

∫ ∞

−∞

dte−iωtJ(t), G̃(ω) =

∫ ∞

−∞

dte−iωtG(t) (6)

3. Consider now the case of an oscillatory driving force J(t) of strength J0
and frequency Ω,

J(t) = J0 cos(Ωt) e
−|t|/γ (7)

where γ represents the adiabatic turning on and off of the driving force
J(t). Find an explicit expression for Scl in terms of J0, Ω and γ (and of
the mass M and ω0). Use this result to find an expression for the ratio of
amplitudes

R(J0,Ω) =
〈0,+∞|0,−∞〉J

〈0,+∞|0,−∞〉J=0

(8)

Show that at resonance, Ω = ω0, R(J0,Ω) → 0 as γ → 0. Hint: the
simplest way to do this part is to find the Fourier transform of J(t) and
to compute the integral of Eq.(5) using the Residue Theorem.

2 Tunneling in a double well potential

Consider once again a particle of mass M moving in one dimension in the field
of a double well potential of the form

U(x) = −gx2 + λx4 (9)

We will be interested here in the case in which the two wells are widely separated.
In other terms, the distance D between the minima of the potential U(x) is
large compared with the characteristic scale ξ of the harmonic oscillator wave
functions centered about the minima of the potential.

1. Find the two minima ±x0 of the potential in terms of the coupling con-
stants g and λ. Compute the classical ground state energy at each mini-
mum, the characteristic length scale ξ for an effective harmonic oscillator
(at each minimum) and the ground state wave functions at each minimum.
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2. Find a path integral expression for the tunneling amplitude from +x0 to
−x0 (one minimum to the other) in imaginary time T

〈−x0

∣∣∣ exp(−TH/~)
∣∣∣x0〉 (10)

Show that the expression for the action in imaginary time is the same as
the energy in real time.

3. Derive the classical equation of motion in imaginary time and show that is
the same as the equation of motion in an inverted potential U(x)to−U(x).

4. Use the result of the preceding part to find the trajectory in imaginary

time x(τ) with initial state at x0 at the initial (imaginary) time τi →
−∞ and final state −x0 at the final time τf → +∞ (in other words,
T = τf − τi → ∞). Calculate the classical imaginary time action for this
trajectory. Compare the expression for the amplitude of Eq.(10) with the
standard WKB expression for tunneling under a barrier. Hint: this is the
trajectory between the two maxima of the inverted potential −U(x).
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