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1 Harmonic Oscillators and Angular Momen-
tum

Consider a system of two harmonic oscillators defined in terms of their creation
and annihilation operators â1, â

†
1, â2 and â

†
2. Let |0〉1 and |0〉2 be the ground

states of the two oscillators.

1. Show that the operators

Ĵi =
~

2

∑

α,β=1,2

â†ασ
αβ
i âβ (1)

obey the angular momentum algebra if the three 2× 2 matrices σi are the
Pauli matrices.

2. Find an expression for the operator ( ~J)2 and the oscillator occupation
numbers. Find the relation between the oscillator occupation numbers
Nα and the eigenvalues J and m.

3. Write the kets |j,m〉 in terms of the oscillator creation and annihilation
operators. Use this approach to derive the formula

Ĵ± =
√

j(j + 1)−m(m± 1)|j,m± 1〉 (2)

4. Derive an expression for the matrix elements of the operators K̂† = â
†
1â

†
2

and its adjoint K̂ in the angular momentum basis {|j,m〉}. Find the action
of these operators on the states |j,m〉.

2 Addition of spin angular momenta

Consider the addition of two spin- 12 angular momenta, ~S(1) and ~S(2).

1. How many states are there in the product basis?
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2. If ~J = ~S(1) + ~S(2), what are the possible eigenvalues of J2?

3. By using the recursive algorithm construct all the Clebsch-Gordan coeffi-
cients for this problem.

3 Simple magnets

In this problem you will consider systems of a few spins. You will consider a) a
system of three spin 1/2 degrees of freedom each at the vertex of an equilateral
triangle, and b) a system of four spin 1/2 degrees of freedom each at the vertex of
a tetrahedron. The Hamiltonian of these systems can be written as a Heisenberg
Hamiltonian:

H = −J
∑

<i,j>

Si · Sj (3)

where < i, j > denote the nearest neighbor sites of the triagnle (for N = 3 sites)
and of the tetrahedron (for N = 4 sites). Here J is the exchange interaction,
which can be positive, J > 0, for a ferromagnet, or negative, J < 0, for an
antiferromagnet. Here N = 3, 4 (representing the triangle and tetrahedron
cases).

1. Consider first the case of the ferromagnet, J > 0.

(a) Find the ground state for the ferromagnet for both N = 3 and N =
4. What are the quantum numbers of the ground state and the
ground state energy? Is it degenerate? If so, what is the ground
state degeneracy?

(b) Find the first excited state, its quantum numbers and energy for both
N = 3, 4.

(c) Find the ground state for all N and its degeneracy.

2. Consider now the case of the antiferromagnet, J < 0.

(a) Consider first the case of three spins on a triangle, N = 3. Find the
ground state and its energy, and show that it is two-fold degenerate.
Find the first excited state, energy and degeneracy.

(b) Consider now the case of four spins on a tetrahedron, N = 4. Find
the ground state, its energy and degeneracy.

3. Return now to the case of three spins on a triangle, whose vertices are
labelled by A, B, and C.

(a) Compute the commutator of chiral operator χABC = SA · SB × SC

and the total spin operator S = SA + SB + SC , and show that it is
zero, i.e. [χABC ,S] = 0.
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(b) Show that the chiral operator can be used to label the states in the
two-dimensional degenerate Hilbert space of the ground states, and
the the excited states are eigenstates of the chiral operator. Give a
physical interpretation of the two ground states in this basis.

(c) Consider now the Hamiltonian (again with J < 0)

H = −J (SA · SB + SB · SC + SC · SA) + gSA · SB × SC (4)

Find the spectrum of states (energies and states) as a function of
g and |J |. Show that the eigenstates of this Hamiltonian are non-
degenerate.
Hint: you may find it useful to write the chiral operator as follows

SA · (SB × SC) =
i

2

{

−S−
AS+

BS
z
C + S+

AS
−
BSz

C + S−
ASz

BS
+
C

−S+
ASz

BS
−
C − Sz

AS
−
BS+

C + Sz
AS

+
BS−

C

}

(5)
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