
21

Conformal Field Theory

21.1 Scale and conformal invariance in field theory

In Chapter 15 we looked at explicit constructions of RG transformations
using ideas largely inspired by the theory of phase transitions. As we had
anticipated the key concept is that of a fixed point. In particular we identified
a class of fixed points at which the physical length scale, the correlation
length, diverges. From the point of view of QFT these are the fixed points of
interest since their vicinity define a continuum quantum field theory. Notice
that, e.g. in Eq.(15.88) the UV cutoff a enters only to provide the necessary
units to the correlation length. But, aside from that, in this limit the UV
regulator essentially disappears from the theory.

In this sense the fixed points associated with continuous phase transitions
express the behavior of the theory in the IR, whereas the fixed points that
have vanishing correlation lengths and define the phases of the theory define
the behavior of the theory in the UV. Thus, in one phase, the quantum field
theory is represented as an RG flow from the UV to the IR in that as a
coupling constant is varied the correlation length grows from its microscopic
definition to a behavior largely independent of the microscopic physics.

In this section we will discuss general properties of scale-invariant the-
ories. As such, these theories must be defined as quantum field theory as
at a fixed point with a divergent correlation length (representing some con-
tinuous phase transition). Here we will assume that the theory is scale and
rotational invariant (or Lorentz invariant in the Minkowski signature). From
a “microscopic” point of view scale and conformal invariance are emergent
symmetries of the fixed point theory.

There is a general result (Polchinski, 1988) that shows that, under most
circumstances, scale-invariant theories have a much larger symmetry, confor-
mal invariance. The general framework for such theories is known as Con-
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formal Field Theory (CFT). This approach will allow us to describe not
only the CFT but also deformed CFTs by the action of relevant operators.
(Polyakov, 1974)

Scale invariance alone implies that observables in this theory should obey
scaling, i.e. they should transform irreducibly under scale transformations,
dilatations of the form x

′
= λx. Thus, expectation values of a physical ob-

servable F (x) must transform homogeneously under dilatations as F (λx) =
λ
k
F (x), where k is called the degree of the homogeneous function. Scale

transformations are a subgroup of more general transformations known as
conformal transformations. Conformal transformations are coordinate trans-
formations that preserve the angles (i.e. scalar products) between vectors in
a space (or space-time).

Several excellent treatments of Conformal Field Theory in the literature
which have inspired the presentation of this topic in this book. A modern
general approach to conformal field theory are the 2015 TASI Lectures by
David Simmons-Duffin (Simmons-Duffin, 2017), the 1988 Les Houches Sum-
mer School lectures by Paul Ginsparg on Applied Conformal Field Theory
(Ginsparg, 1989), and by John Cardy on Conformal Invariance and Statis-
tical Mechanics (Cardy, 1996). Other excellent presentations are found in
the book Conformal Field Theory by Philippe Di Francesco, Paul Mathieu
and Daniel Sénéchal (Di Francesco et al., 1997), and in the two-volume book
String Theory by Joseph Polchinski (Polchinski, 1998).

21.2 The conformal group in D dimensions

In this section we discuss the general consequences of conformal invariance
in a field theory (Ginsparg, 1989; Simmons-Duffin, 2017). Let us consider a
local field theory in a flat D-dimensional space-time which will be regarded
as R

D. The flat metric will be gµν = ηµν , with signature (p, q). The line
element is, as usual

ds
2
= gµνdx

µ
dx

ν
(21.1)

The change of the metric tensor under a change of coordinates xµ ↦ x
′
µ is

gµν ↦ g
′
µν(x′) = ∂x

α

∂x′µ
∂x

β

∂x′ν
gαβ(x) (21.2)

Conformal transformations are a subgroup of diffeomorphisms (i.e. differen-
tiable coordinate transformations) that leave the metric tensor invariant up
to a local change of scale, i.e.

g
′
µν(x′) = Ω(x)gµν(x) (21.3)
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where Ω(x) is the conformal factor. In this case, if vµ and w
µ are two vectors

whose scalar product is v ⋅ w = gµνv
µ
w
ν , then the quantity

v ⋅ w√∣v∣2∣w∣2 (21.4)

is invariant under conformal transformations which, therefore, preserve an-
gles. Here ∣v∣2 = gµνv

µ
v
ν is the norm of the vector vµ (an example is shown

in Fig.21.1). Conformal transformations for a group, the Conformal Group.
The Poincaré group, consisting of space-time translations and Lorentz trans-
formations, is a subgroup of the conformal group.

(a) (b)

Figure 21.1 A conformal mapping transforms a Cartesian coordinates (a)
into curvilinear coordinates (b) while preserving angles.

Let us first look at the generators of infinitesimal conformal transforma-
tions. Under an infinitesimal transformation, xµ ↦ x

′
µ = xµ + εµ, the line

element transforms as

ds
2
↦ ds

2
+ (∂µεν + ∂νεµ) dxµdxν (21.5)

For this mapping to be conformal we require that

∂µεν + ∂νεµ =
2
D
∂ ⋅ ε ηµν (21.6)

which implies that for an infinitesimal conformal transformation the confor-
mal factor Ω(x) is

Ω(x) = 1 +
2
D
∂ ⋅ ε (21.7)

Eq.(21.6) implies that ∂ ⋅ ε is the solution of the partial differential equation

(ηµν∂2 + (D − 2)∂µ∂ν) (∂ ⋅ ε) = 0 (21.8)
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The case D = 2 is special (and specially important). For D = 2 and for
the Euclidean signature, ηµν = δµν , Eq.(21.6) implies that the components
of ϵµ satisfy

∂1ε2 = ∂2ε1, ∂2ε1 = −∂1ε2 (21.9)

In other terms, the vector field εµ satisfies the Cauchy-Riemann equations.
Moreover, the function f(x1, x2) = ε1 + iε2 is an analytic function of the
coordinates. This feature has powerful implications for the special case of
D = 2 and will be discussed separately.

Returning to the general case D > 2, Eq.(21.8) implies that third deriva-
tives of εmust vanish and, hence, it can have at most a quadratic dependence
on the coordinates xµ. In general we have three cases:

i) Zeroth-order in xµ: εµ = aµ, and represents translations,

ii) Linear in xµ: we have two choices, a) εµ = ωµνx
ν that represents an

infinitesimal rotation (or a Lorentz transformation in the Minkowski sig-
nature), and b) εµ = λxµ that represents an infinitesimal scale transfor-
mation,

iii) Quadratic order in xµ: εµ = bµx
2
− 2xµb ⋅ x (or

x
′
µ

x′2 =
xµ

x2 + bµ), that
represents an infinitesimal special conformal transformation.

The infinitesimal generators of conformal transformations are

a
µ
∂µ, (p + q) translations, (21.10)

ω
µν
xν∂µ,

1
2
(p + q + 1)(p + q − 1) rotations, (21.11)

λx
µ
∂µ, one scale transformation, (21.12)

b
µ(x2∂µ − 2x

µ
x
ν
∂ν), (p + q) special conformal transformations.

(21.13)

The total number of generators is 1
2
(p + q + 1)(p + q + 2). This algebra is

isomorphic to the algebra of the group SO(p + 1, q + 1).
Finite conformal transformations are

1) Translations: x′µ = xµ + aµ (which has Ω = 1),

2) Rotations: x′µ = Λµνx
ν , with Λ ∈ SO(p, q) (also with Ω = 1),

3) Scale transformations: x′µ = λxν (with Ω = λ
−2),

4) Special conformal transformations: x′µ = (xµ + bµx
2)/(1 + 2b ⋅ x + b

2
x
2)

(with Ω = (1 + 2b ⋅ x + b
2
x
2)2).
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In D = p+ q dimensions, the Jacobian J of a conformal transformation is

J =
''''''∂x

′

∂x

'''''' = (detg′µν)−1/2 = Ω
−D/2

(21.14)

Translations and rotations have J = 1, dilatations have J = λ
D and special

conformal transformations have J = (1 + 2b ⋅ x + b
2
x
2)−D.

21.3 The energy-momentum tensor and conformal invariance

In Section 3.8 we discussed the role of the energy-momentum tensor T µν in
the context of classical field theory and, equivalently, the stress tensor in clas-
sical Euclidean field theory. We will now see that its counterpart in quantum
field theory plays a prominent role in the presence of conformal invariance.
There we showed that the energy-momentum tensor can be viewed as the re-
sponse to an infinitesimal change of the metric, c.f. Eq.(3.198). Furthermore,
we showed that in a Poincaré invariant theory, i.e. invariant under transla-
tions and Lorentz transformations, the energy-momentum tensor is locally
conserved, i.e. ∂µT

µν
= 0, and can always be made symmetric, T µν

= T
νµ.

The associated Noether charge to the energy-momentum tensor is the
total linear momentum 4-vector P

µ, which in Chapter 3 was defined as
the integral of T µν on a constant time hypersurface. However, since T

µν is
conserved, its integral on any closed oriented hypersurface Σ, the boundary
of a region Ω (i.e. Σ = ∂Ω), the quantity defined by the surface integral

P
ν[Σ] = −∫

Σ
dSµT

µν
(21.15)

does not change under smooth changes of the shape of the boundary Σ or
even the size of the enclosed region, provided that no operators are inserted
in the bulk of Ω (or become included in Ω as Σ changes).

At the quantum level, the classical conservation law is replaced by the
(conformal) Ward Identity

∂µ⟨T µν(x)O1(x1) . . .ON (xN)⟩ = −

N

∑
j=1

δ(x − xj)∂νj ⟨O1(x1) . . .ON (xN)⟩
(21.16)

where {Oj(x)} is an arbitrary set of local operators.
Let Ω(x1) be a simply connected region of spacetime (which we will take

to be Euclidean and flat), and Σ(x1) be its boundary, that encloses only the
operator O(x1) but not any of the other operators involved in the expecta-
tion values of Eq.(21.16). Then, the divergence theorem applied to the left
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hand side of Eq.(21.16) says that

∫
Ω(x1) d

D
x ∂µ⟨T µν(x)O1(x1) . . .ON(xN )⟩ =

=∫
Σ(x1) dSµ⟨T µν(x)O1(x1) . . .ON (xN)⟩

= − ⟨P ν[Σ(x1)]O1(x1) . . .ON(xN)⟩ (21.17)

Upon performing the same computation on the right hand side of Eq.(21.16)
we obtain

−∫
Ω(x1) d

D
x

N

∑
j=1

δ(x − xj)∂νj ⟨O1(x1) . . .ON(xN)⟩ =
= − ∂

ν
x1
⟨O1(x1) . . .ON(xN)⟩ (21.18)

Therefore

⟨P ν[Σ(x1)]O1(x1) . . .ON (xN)⟩ = ∂νx1
⟨O1(x1) . . .ON (xN)⟩ (21.19)

In the operator language the expectation value of a product of operators is
interpreted as the vacuum expectation value of the time ordered product of
the operators. We can now consider two oppositely oriented surfaces Σ1 and
Σ2 at two different times t1 and t2, and the region Ω whose boundary are
both surfaces. If only one operator, say at x1 is included in Ω, it is clear that
we can always deform the region to a ball centered about x1. Conversely, we
can deform the simply connected region into the shell just described. Then,
using the fact that Σ1 and Σ2 are oppositely oriented, the right hand side
of Eq.(21.19) can be rewritten as

⟨ (Pµ[Σ2] − P
µ[Σ1])O(x) . . . ⟩ = ⟨0∣T {[Pµ

,O(x)] . . .} ∣0⟩ (21.20)

where T denotes the Euclidean imaginary time ordered product. Hence, we
can make the operator identification

[Pµ
,O(x)] = ∂µO(x) (21.21)

(we are missing a factor of i since we are in the Euclidean signature).
We saw in the preceding section that if a theory is conformally invariant it

has more symmetries aside from translation invariance. Thus, rotational (or
Lorentz) invariance implies the existence of a conserved angular momentum
tensor Mµν which, at the classical level is

Mµν = −∫
Σ
dS

ρ(xµTνρ − xνTµρ) (21.22)
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At the quantum level, the action of Mµν on a local operator O
a(0) at the

origin transform in irreducible representations of SO(d) (here a labels the
representation of SO(d), again using the Euclidean signature) is

[Mµν ,O
a(0)] = [Sµν]ab Ob(0) (21.23)

where a, b are the indices of the SO(d) representation and the matrix Sµν

are matrices that obey the same algebra as Mµν . On the other hand, they
act on an operator at a general location x as

[Mµν ,O(x)] = [xµ∂ν − xν∂µ + Sµν]O(x) (21.24)

Likewise, the generator of infinitesimal dilatations is expressed in terms
of the dilatation operator

D = −∫
Σ
dSµxνT

µν
(21.25)

and the conserved dilatation current j
µ
D is

j
µ
D = xνT

µν
(21.26)

An operator O(0) that transforms irreducibly under dilatations is an eigen-
operator of D, i.e.

[D,O(0)] = ∆O(0) (21.27)

where the eigenvalue ∆ is the scaling dimension (or dimension) of the oper-
ator. We also have the Ward identity

[D,O(x)] = (xµ∂ν +∆)O(x) (21.28)

Similarly, the generator of infinitesimal special conformal transformations
by

K
µ
= −∫

Σ
dSρ (2xµxνT νρ − x

2
T
µρ) (21.29)

The operators D and Kµ generate symmetries (and are conserved) provided
the energy-momentum tensor is traceless,

T
µ
µ = 0 (21.30)
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The operators Pµ, Mµν , D and K
µ satisfy the conformal algebra

[Mµν , Pρ] =δνρPµ − δµρPν (21.31)[Mµν ,Kρ] =δnuρKµ − δµρKν (21.32)[Mµν ,Mρσ] =δνρMµσ − δµρMνσ + δνσMρµ − δµσMρν (21.33)[D,Pµ] =Pµ (21.34)[D,Kµ] = −Kµ (21.35)[Kµ, Pν] =2δµνD − 2Mµν (21.36)

Finally we note two more Ward identities. The first involves rotations
(and Lorentz transformations) and involves the symmetry of the energy-
momentum tensor,

∂µ⟨(T µν(x)xρ − T
µρ(x)xν)O1(x1) . . .ON (xN)⟩ =

=

N

∑
i=1

δ(x − xi)[(xµi ∂ρi − x
ρ
i ∂

ν
i + S

νρ)⟨O1(x1) . . .ON(xN)⟩] (21.37)

which, using the conformal Ward identity of Eq.(21.16), becomes

⟨(T µν(x) − T
νµ(x))O1(x1) . . .ON (xN)⟩ =

= −∑
i

δ(x − xi)Sµν
i ⟨O1(x1) . . .ON (xN)⟩ (21.38)

Hence, the energy-momentum tensor as an operator is generally symmetric
away from other operator insertions.

The other Ward identity involves the dilatation current, j
µ
D, and it is given

by

∂ν⟨T µ
ν (x)xνO1(x1) . . .ON (xN)⟩ =

= −∑
i

δ(x − xi)(xνi ∂iν +∆i)⟨O1(x1) . . .ON (xN)⟩ (21.39)

Using once again Eq.(21.16), we obtain

⟨T µ
µ (x)O1(x1) . . .ON(xN)⟩ =

= −∑
i

δ(x − xi)∆i⟨O1(x1) . . .ON (xN)⟩ (21.40)

Thus, the symmetry of the energy-momentum tensor holds in expectation
values away from operator insertions. It also implies that at the quantum
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level the trace of the energy-momentum tensor is the generator of scale
transformations. Hence, as an operator we have

[T µ
µ ,Oi(0)] = ∆iOi(0) (21.41)

from which it follows that, as an operator, the trace of the energy-momentum
tensor must be the same as the divergence of the dilatation current,

T
µ
µ = ∂µj

µ
D (21.42)

Therefore, scale invariance requires the energy-momentum tensor to be trace-
less.

21.4 General consequences of conformal invariance

Let us consider now a theory which is invariant under the action of the
generators of the conformal group, Eqs.(21.31)-(21.36). Thus, the vacuum
state ∣0⟩ is, by definition, annihilated by all the generators.

Let us consider now the consequences for the two point function of two
operators Oi and Oj ,

Fij(x, y) = ⟨Oi(xi)Oj(xj)⟩ = ⟨0∣T (Oi(xi)Oj(xj)) ∣0⟩ (21.43)

Translation and rotation invariance imply that it must depend only on the
distance, F (xi, xj) = F (∣xi − xj∣).

To examine the behavior of operators of a theory with conformal invari-
ance under scale transformations we use the condition that the vacuum must
be scale invariant

D∣0⟩ = 0 (21.44)

Then, we must also have

0 =⟨0∣ [D,Oi(xi)Oj(xj)] ∣0⟩
=⟨0∣ ([D,Oi(xi)]Oj(xj) +Oi(xi) [D,Oj(xj)]) ∣0⟩
= (xµi ∂iµ +∆i + x

µ
j ∂

j
µ +∆j) ⟨0∣Oi(xi)Oj(xj)∣0⟩ (21.45)

The solution of this equation is that the correlator obeys a power law

Fij(xi − xj) = C∣xi − xj∣∆i+∆j
(21.46)

where C is an arbitrary constant.
In addition, the action of special conformal transformations, whose in-

finitesimal generators are the operators Kµ, further restrict the form of the
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two-point functions of primary operators obey an “orthogonality condition”,
i.e. to vanish unless the scaling dimensions are equal,

⟨O1(x1)O2(x2)⟩ =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

C12∣x1 − x2∣2∆ , if ∆1 = ∆2 = ∆

0, otherwise
(21.47)

Let us now turn to the three-point function of primary operators. In-
variance under translations and rotations, and covariance under dilatations
require that the three-point functions of primary operators must have the
form

⟨O1(x1)O2(x2)O3(x3)⟩ = ∑
a,b,c

Cabc∣x1 − x2∣a∣x2 − x3∣b∣x3 − x1∣c (21.48)

where the sum is restricted to values of a, b and c such that a + b + c =

∆1+∆2+∆3. However, covariance under special conformal transformations
imply the additional restriction that a = ∆1 +∆2 −∆3, b = ∆2 +∆3 −∆1,
and c = ∆3 + ∆1 − ∆2. Therefore, the three-point function must have the
general form (Polyakov, 1970)

⟨O1(x1)O2(x2)O3(x3)⟩ =

=
C123∣x1 − x2∣∆1+∆2−∆3∣x2 − x3∣∆2+∆3−∆1∣x3 − x1∣∆3+∆1−∆2

(21.49)

where C123 is a so-far undetermined constant. In fact, if the operators are
normalized such that the coefficient of the two-point function C12 = 1, then
the coefficients C123 of the three-point function must be universal numbers.
We have used these results already in Sections 15.3 and 15.4 where we in-
troduced the Renormalization Group and the Operator Product Expansion.

Finally, let us consider the implications of conformal invariance for N -
point functions, with N ≥ 4. Here the behavior is more complex. For in-
stance, in the case of the four-point function, the general behavior, already
presented in Eq.(15.98), depends also on the cross ratios

⟨O1(x1)O2(x2)O3(x3)O4(x4)⟩ = F (r12r34r13r24
,
r12r34
r23r41

) ∏
i<j

r
−(∆i+∆j)+∆/3
ij

(21.50)
where ∆ = ∑4

i=1∆i, and where we used the notation rij = ∣xi − xj∣. Again,
once the two-point function is normalized as before, the prefactor is a uni-
versal function of the two cross ratios.

In summary, conformal invariance of the theory restricts the form of the
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correlation functions and reveal that there are some quantities such as the
scaling dimensions, the coefficient of the three-point functions and the func-
tions of the cross ratios that are not determined, unless additional condi-
tions are imposed. We will see in that imposing unitarity (or, equivalently,
reflection positivity) and some additional symmetries allow in some cases
to fully determine these quantities. This approach yields powerful results in
two dimensions (that we will discuss below), and to some extent in three
dimensions (which we will not discuss here).

In a physically sensible theory the correlators must obey cluster decom-
position and must decay at long distances. This implies that the scaling
dimensions of the operators, ∆i, must be non-negative real numbers, i.e.
∆i ≥ 0 (for all operators). In addition, using the commutation relation of
Eq.(21.35), we find

DKµO(0) = ([D,Kµ] +KµD)O(0) = (∆ − 1)KµO(0) (21.51)

In other words, the operatorKµ lowers the scaling dimension of the operator.
Hence, if we act repeatedly with the operators Kµ on an operator O, one
obtains operators of the form Kµ1

. . . KµN
O which can have an arbitrarily

low dimension. Since the allowed dimensions must be non negative, the
theory must have a special class of operators such that

[Kµ,O(0)] = 0 (21.52)

Away from the origin, at a finite location x, the action of Kµ generalizes to

[Kµ,O] = (2xµxν∂ν − x
2
∂µ + 2xµ∆ − 2x

ν
Sµν)O(x) (21.53)

Operators that obey the condition of Eq.(21.52), i.e. invariant under spe-
cial conformal transformations, are called primary fields. Then, given a pri-
mary operator O of scaling dimension ∆, we can construct an (in principle)
infinite tower of em descendant operators Pµ1

. . . PµN
O(0), of increasing di-

mension, ∆ + N since the action of one momentum operator increases the
dimension of the operator O by 1. Hence, the scaling dimensions ∆ of the
primary operators play the role of quantum numbers of representations of
the conformal group, and label an infinite tower of descendant operators.

We now state the axioms that a conformal field theory must satisfy.

1) The vacuum state ∣0⟩ of the theory must be invariant under conformal
transformation.

2) The theory has a set of primary operators (or fields) that satisfy:

i) They are eigen-operators of the dilatation operator D with eigenvalue
∆,
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ii) of the angular momentum operator Mµν with eigenvalue Sµν ,

ii) commute with the operator Kµ.

3) Under a conformal transformation scalar (spinless) primary fields trans-
form as

Oj(x) ↦ '''''''''
∂x

′

∂x

'''''''''
∆j/D

Oj(x′) (21.54)

where, as before (c.f. Eq.(21.14))

'''''''''
∂x

′

∂x

''''''''' = Ω
−D/2

(21.55)

is the Jacobian of the conformal transformation with scale factor Ω.

4) The theory is covariant under conformal transformations in the sense that
the correlators of the primary fields satisfy

⟨O1(x1) . . .ON(xN)⟩ = '''''''''
∂x

′

∂x

'''''''''
∆1/D
x=x1

. . .
'''''''''
∂x

′

∂x

'''''''''
∆N/D
x=xN

⟨O1(x′1) . . .ON(x′N)⟩
(21.56)

5) The correlators must obey unitarity or, equivalently in an Euclidean the-
ory, satisfy reflection positivity.

6) All other fields in the theory can be expressed as linear combinations of
primary fields and their descendants.

These axioms extend to the case of operators with spin such as currents.
One such example is the energy-momentum tensor which in dimensions D >

2 is a primary field with scaling dimension D. We will see shortly that in
two dimensions it obeys an anomalous algebra and it is no longer a primary
field.

21.5 Conformal field theory in two dimensions

We will turn to conformal field theory in two dimensions. This case has been
studied in greater detail and it is better understood. It has many physical
applications. Originally it was developed to formulate perturbative String
Theory. It also has direct application to quantum field theories in 1+1 di-
mensions and to two-dimensional classical critical phenomena.(Belavin et al.,
1984; Friedan et al., 1984; Ginsparg, 1989)
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21.5.1 Classical conformal invariance in two dimensions

Let us consider theories in two-dimensional flat Euclidean spacetime. In
Eq.(21.9) we showed that two-dimensional conformal transformations εµ
obey the Cauchy-Riemann equations. Hence, the conformal transformations
are analytic (or anti-analytic) functions. Let us write the Euclidean coordi-
nates as complex coordinates z = x1 + ix2, z ∈ C. Define also

∂z =
1
2
(∂1 − i∂2) , ∂z̄ =

1
2
(∂1 + i∂2) (21.57)

such that

∂zz = 1, ∂z̄ z̄ = 1, ∂z z̄ = 0, ∂z̄z = 0 (21.58)

In what follows we will use the notation ∂z = ∂ and ∂z̄ = ∂̄.
For a general vector field v

a (a = 1, 2) we can also define the complex
components

v
z
= v

1
+ iv

2
, v

z̄
= v

1
− iv

2
, vz =

1
2
(v1 − iv

2) , vz̄ = 1
2
(v1 + iv

2) (21.59)

While in Cartesian indices (1, 2) the Euclidean metric is the identity, gab =
δab, in complex coordinates the metric tensor is

gzz̄ = gz̄z =
1
2
, gzz = gz̄z̄ = 0, g

zz̄
= g

z̄z
= 2, g

zz
= g

z̄z̄
= 0 (21.60)

It is natural to write the conformal transformations as ε(z) = ε1+ iε2 and
ε̄(z̄) = ε1 − iε2. Two-dimensional conformal transformation are the analytic
(and anti-analytic) coordinate transformations

z ↦ f(z), z̄ ↦ f̄(z̄) (21.61)

under which the Euclidean interval transform as

ds
2
= dzdz̄ ↦

''''''∂f∂z ''''''
2
dzdz̄ (21.62)

and the Jacobian is

Ω =
''''''∂f∂z ''''''

2
(21.63)

A natural basis for conformal transformations are εn = z
n+1 and ε̄n =

−z̄
n+1 (with n ∈ Z). The infinitesimal generators of 2D classical conformal

transformations are

ℓn = −z
n+1

∂z, ℓ̄n = −z̄
n+1

∂z̄, (n ∈ Z) (21.64)

which obey the classical local algebra

[ℓn, ℓm] = (n −m)ℓn+m, [ℓ̄n, ℓ̄m] = (n−m)ℓn+m (21.65)
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We will see shortly that at the quantum level this algebra is corrected to
include a key new term, the conformal anomaly. Hence, we have two inde-
pendent algebras. This means that, at the formal level, we will be working
with z and z̄ as independent variables, and hence not just with complex
functions but with those on C

2. We will need to project on the “physical
subspace” in which z̄ = z

∗.
We have called the classical conformal algebra, Eq.(21.65), local since the

generators are not all well defined on the Riemann sphere, S2
= C⋃∞.

Holomorphic (analytic) conformal transformations are generated by vector
fields v(z),

v(z) = ∑
n∈Z

anz
n+1

∂z (21.66)

Such vector fields are generally singular as z → 0. The only exception are
conformal transformations generated by ℓ−1, ℓ0, ℓ1, and ℓ̄−1, ℓ̄0, ℓ̄1. From their
definitions we see that ℓ−1 and ℓ̄−1 generate translations, ℓ0 + ℓ̄0 generates
dilatations (i.e. translations on the radial polar coordinate r), i(ℓ0 − ℓ̄0)
generates rotations (i.e. translations on the angular polar coordinate θ), and
ℓ1, ℓ̄−1 are the generators of special conformal transformations. The finite
form of these transformations is

z ↦
az + b

cz + d
, z̄ =

āz̄ + b̄

c̄z̄ + d̄
(21.67)

where a, b, c, d ∈ C and ad − bc = 1. This is the group SL(2,C)/Z2 (this
quotient says that the transformation is unaffected by a change of sign of
a, b, c, d. These are the only globally well defined conformal transformations
and the only ones that also exist in dimensions D > 2.

Since the transformation generated by ℓ−1, ℓ0, ℓ1, and ℓ̄−1, ℓ̄0, ℓ̄1 are glob-
ally well defined, we will work in the basis of their eigenstates. Thus, we will
consider the eigenstates of ℓ0 and ℓ̄0 and we will denote their eigenvalues,
known as the conformal weights, the real numbers h and h̄ (not the com-
plex conjugate!). Since ℓ0 + ℓ̄0 generates dilatations and i(ℓ0 − ℓ̄0) generate
rotations, the scaling dimension ∆ and the spin s are given by ∆ = h + h̄

and s = h− h̄.

21.5.2 Quantization

We now turn to the quantum theory. We will work with Euclidean coor-
dinates where σ1 labels space and σ

0 labels imaginary time. We will as-
sume that the space coordinate is finite and periodic. Hence we will iden-
tify σ

1
≅ σ

1
+ 2π, while the imaginary time coordinate σ0 can take any
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real value, positive or negative. In other words, the Euclidean space-time
has been compactified to an infinitely long cylinder of circumference 2π, as
shown in Fig.21.2a. Let ζ = σ

2
+ iσ

1 be the coordinates on the cylinder, and

σ
1

σ
0

(a)

r

θ

(b)

Figure 21.2 A conformal mapping transforms the cylinder to the plane.

consider the conformal mapping to the plane with coordinates z = x
1
+ ix

2,

z = exp ζ = exp (σ0 + iσ
1) (21.68)

which maps the cylinder with coordinates ζ to the complex plane with coor-
dinates z. Notice that the infinite past on the cylinder, σ0 → −∞, maps to
the origin, z = 0, on the plane, and that the infinite future on the cylinder,
σ
0
→ +∞, maps to the point of infinity, z → ∞, on the complex plane.

Equal-time surfaces on the cylinder, at σ0 = constant, map to a circle of
constant radius on the z plane.

To develop a quantum theory we need the operators that implement con-
formal transformations on the plane. Thus, a dilatation z ↦ exp(a z) on
the plane is a time translation on the cylinder, σ0 ↦ σ

0
+ a. Therefore, the

dilatation generator can be regarded as the Hamiltonian H of the system. In
other words, on the cylinder we have a Hilbert space of states on an imagi-
nary time surface, σ0 = constant. On the plane, the Hilbert space is defined
on circles of constant radii which relate to each other by the action of the
dilatation operator D. Likewise, the linear momentum P on the cylinder
becomes the generator of rotations on the plane. For obvious reasons, this
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way of defining the quantum theory is known as radial quantization (Friedan
et al., 1984).

As we saw before symmetry generators are constructed by the Noether’s
prescription. Thus, given a conserved current jµ the conserved charge Q is
obtained as the integral of the time component of the current on a fixed
time surface. The associated symmetry transformations act on a field O

as δεO = ε [Q,O]. Here we will be interested in coordinate transformations
generated by the energy-momentum tensor T µν . As we saw before, conformal
invariance requires that the energy-momentum tensor be conserved, ∂µT

µν

and traceless, T µ
µ = 0, as operators acting on the Hilbert space.

It will be convenient to have the components of T µν in complex coordi-
nates. In these frames they are,

T ≡Tzz =
1
4
(T00 − 2iT10 − T11) ,

T̄ ≡Tz̄z̄ =
1
4
(T00 + 2iT10 − T11) ,

T
µ
µ ≡Θ = T00 + T11 = 4Tzz̄ = 4Tz̄z (21.69)

So, in general, it has three components, T , T̄ , and Θ. The local conservation
of the energy-momentum tensor yields the conditions

∂̄T +
1
4
∂Θ = 0, ∂T̄ +

1
4
∂̄Θ = 0 (21.70)

Conformal invariance requires that the energy-momentum tensor be trace-
less condition, Θ = 0. Then, the conservation laws simply become

∂̄T = 0, and ∂T̄ (z̄) = 0 (21.71)

Therefore, the remaining non-vanishing components of T µν satisfy

T (z) ≡ Tzz(z), T̄ (z̄) = Tz̄z̄ (21.72)

are, respectively, holomorphic (analytic) and anti-holomorphic (anti-analytic).
We will see that this property means that expectation values of physi-
cal observables factorize into analytic and anti-analytic components. In the
Minkowski spacetime signature, we will refer to them as the right and left-
moving (or chiral and anti-chiral) components of the fields.

Given an infinitesimal conformal transformation ε(z), the conserved charge
Q is

Q(ε, ε̄) = 1
2πi

∮
C(r) (dzT (z)ε(z) + T̄ (z̄)ε̄(z̄)) (21.73)

where C(r) is a circle of radius r centered at the origin, z = 0. The variation
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of a field Φ(u, ū) is the equal-time commutator with the charge

δϵ,ε̄Φ(u, ū) = 1
2πi

∮
C(r) [dzT (z)ε(z),Φ(u, ū)] + [dzT̄ (z̄)ε̄(z̄),Φ(u, ū)]

(21.74)
A primary field Φ(z, z̄) transforms under a local conformal transformation

as

Φ(z, z̄) ↦ (∂f
∂z

)h (∂f̄
∂z̄

)h̄Φ(f(z), f̄(z̄)) (21.75)

where h and h̄ are the conformal weights. For an infinitesimal transformation
this should be

δϵ,ε̄Φ(z, z̄) = ((h∂ε + ε∂) + (h̄∂̄ε̄ + ε̄∂̄))Φ(z, z̄) (21.76)

Since equal-time surfaces on the cylinder map onto circles of fixed radius on
the complex plane, we will introduce the concept or radially ordered product
(analogous to a time-ordered product) for two bosonic operators A(z) and
B(w)

R(A(z)B(w)) = {A(z)B(w), if ∣z∣ > ∣w∣,
B(w)A(z), if ∣z∣ < ∣w∣ (21.77)

(with a minus sign for fermions). Then, the equal-time commutator is the
contour integral of the radially-ordered product, shown in Fig.21.3,

− =

Figure 21.3 Computation of an equal-time commutation relation.

δϵ,ε̄Φ(u, ū) =
1
2πi

(∮∣z∣>∣u∣ −∮∣u∣>∣z∣ ) (dzε(z)R(T (z),Φ(u, ū)) + dz̄ε̄(z̄)R(T̄(z̄)Φ(u, ū)))
(21.78)

=
1
2πi

∮ (dzε(z)R(T (z)Φ(u, ū)) + dz̄ε̄(z̄)R(T̄(z̄)Φ(u, ū)))
(21.79)

=h∂ε(u)Φ(u, ū) + ε(u)∂Φ(u, ū) + h̄∂̄ε̄(ū)Φ(u, ū) (21.80)
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where we imposed consistency with Eq.(21.76). This implies that for the
last two lines of Eq.(21.80) to be consistent with each other, the the product
of T (z) and T̄ (z) with Φ(u, ū) should have short-distance singularities and
obey the OPEs

T (z)Φ(u, ū) = h(z − u)2Φ(u, ū) + 1
z − u∂uΦ(u, ū) + . . . (21.81)

T̄ (z̄)Φ(u, ū)) = h̄(z̄ − ū)2Φ(u, ū) + 1
z̄ − ū∂ūΦ(u, ū) + . . . (21.82)

In other terms, a field Φ(z, z̄) is a primary field if it has an operator product
expansion with the holomorphic T and anti-holomorphic T̄ components of
the energy-momentum tensor of the form of Eq.(21.82). Here, the ellipsis
represents non-singular contributions which drop out of the contour inte-
grals, and hence from the commutators. Eq.(21.82) has to be understood
as an operator identity. A more precise way to state this is the following
conformal ward identity

⟨T (z)O1(u1, ū1) . . .ON (uN , ūN )⟩
=

N

∑
j=1

( hj(z − uj)2 +
1

z − uj
∂j⟨O1(u1, ū1) . . .ON (uN , ūN )⟩

(21.83)

This identity requires that the correlation functions be meromorphic func-
tions of z with singularities at the positions of the operators.

In a 2D CFT the correlator of two primary fields has the form

⟨Oi(z, z̄)Oj(u, ū)⟩ = δij
1

(z − u)2hi(z̄ − ū)2h̄i
(21.84)

On the other hand, as we already saw in Section 15.4, the primary fields
obey an algebra know as the Operator Product Expansion which has the
form

lim
z→u,z̄→ū

Oi(z, z̄)Oj(u, ū) = ∑
k

Cijk(z − u)hi+hj−hk(z̄ − ū)h̄i+h̄j−h̄k
Ok(u, ū)

(21.85)
Consider now an N -point function of primary fields. We saw before that,
in addition to power laws determined by the conformal dimensions of the
fields, a general correlator is determined by a scaling function of the fields.
The OPE then implies that the N -point function can be written as a sum of
products of three-point functions, known as conformal blocks. Consider now
fusing pairs of primary fields. Since the choice of which pair of fields is being



812 Conformal Field Theory

fused is arbitrary, the algebra encoded by the OPE, the fusion algebra, must
be associative. This requirement leads to a set of consistency conditions
for the OPE which, in turn, implies constraints on the correlators of the
CFT, shown in Fig.21.4. These consistency conditions, known as crossing
and unitarity symmetries, impose severe constraints on the explicit forms
of the conformal blocks which, in specific CFTs, are stringent enough to
determine these functions completely.

i

j

k

(a)

i

j

k

l

=

i k

j l

!

m

!

mm

m

(b)

Figure 21.4 The OPE algebra: a) fusion of two primary fields; b) Consis-
tency condition for the fusion algebra.

21.5.3 The Virasoro algebra

In the previous subsection we worked out the form of the OPE between the
energy-momentum tensor an a primary field. All operators (or fields) in the
theory can be classified into families each labeled by a primary field. The
other members of each family are called the descendants of the primary. In
this sense the primary field is the highest weight of the representation.

However we have not said anything about the energy-momentum ten-
sor and of its OPE with itself. We know that in dimensions D > 2 the
energy-momentum tensor is a primary field. However, this is not the case
in D = 2 dimensions. The energy-momentum tensor T (z) is holomorphic
and has dimension 2. Thus it must have conformal weight (h, h̄) = (2, 0).
By performing two conformal transformations in sequence, we see that the
OPE of the energy-momentum tensor with itself must have the following
form,

T (z)T (u) = c/2(z − u)4 +
2(z − u)2T (u) + 1

z − u∂T (u) (21.86)

The first term, proportional to the identity field, is allowed by analyticity,
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Bose symmetry, and scale invariance. The coefficient c is known as the central
charge of the CFT.

In left-moving (light-cone) coordinates, x−, of Minkowski space-time, the
Virasoro algebra is

−i[T (x−), T (x′−)] = δ(x−−x
′
−)∂−T (x−)−2∂−δδ(x−−x

′
−)+ c

24π
∂
3
−δ(x−−x

′
−)

(21.87)
The last term of the right hand side of the algebra, a Schwinger term, is the
central extension of the Virasoro algebra.. In this case is an anomaly of the
trace of the energy momentum tensor.

The OPE implies that the correlator of the energy-momentum tensor must
be

⟨T (z)T (u)⟩ = c/2(z − u)4 (21.88)

For T̄ we have instead

T̄ (z̄)T̄ (ū) = c̄/2(z̄ − ū)4 +
2(z̄ − ū)2T (u) + 1

z̄ − ū∂T (u) (21.89)

and the correlator is, instead,

⟨T̄(z̄)T̄(ū)⟩ = c̄/2(z̄ − ū)4 (21.90)

In principle the central charges c and c̄ can be different. If that is the case
the CFT is chiral. If an additional symmetry, called modular invariance, is
imposed, then the the two central charges must be equal, c = c̄. This con-
dition follows from the requirement that the gravitational anomaly cancels
and it is normally required. However, there are physical systems, such as
the edge states of the fractional quantum Hall fluids, which are chiral theo-
ries and this condition is violated. This is possible since in that case these
states cannot exist on themselves but as boundaries of a higher dimensional
system.

Eq.(21.86) implies that under an infinitesimal conformal transformation,
ε(z), the energy momentum tensor changes as

δεT (z) = ε(z)∂T (z) + 2∂ε(z)T (z) + c

12
∂
3
ε(z) (21.91)

For a conformal finite transformation z ↦ z
′
= f(z) the energy-momentum

tensor transforms as follows

T
′(z′) = (f ′(z))2T (z′) + c

12
{z′; z} (21.92)
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and similarly for T̄ (upon replacing c → c̄). Here f
′(z) =

df

dz
and {u; z} is

the Schwartzian derivative

{z′; z} = f
′′′
f
′
− 3

2
f
′′2

f ′2
(21.93)

The second term in the transformation of Eq.(21.92) is known as the con-
formal anomaly. It is an anomaly in the sense that it is absent in the classical
theory, where the energy momentum-tensor transforms homogeneously (with
rank 2), as shown in the first term of the transformation. For this reason
in a 2D CFT the energy-momentum tensor is not a primary field. The con-
formal anomaly is a quantum effect which violates the naive homogeneous
transformation law.

It is useful to write the Laurent expansion of the energy-momentum tensor

T (z) = ∑
n∈Z

Ln

zn+2
, T̄ (z̄) = ∑

n∈Z

L̄n

z̄n+2
(21.94)

in terms of the operators Ln and L̄n (the “modes”), which have scaling
dimension n which satisfy the hermiticity condition

L
†
n = L−n (21.95)

The series expansion of Eq.(21.94) can be inverted using contour integrals

Ln =
1
2πi

∮
C
dz z

n+1
T (z), L̄n =

1
2πi

∮
C
dz̄ z̄

n+1
T̄ (z̄) (21.96)

where there are no other operator insertions inside these contours.
The commutation relations for the operators Ln (and similarly for L̄n)

are obtained using the OPE for the energy-momentum tensor. The result is

[Ln, Lm] = (n −m)Ln+m +
c

12
(n3

− n)δn+m,0 (21.97)

This is the Virasoro algebra. Similarly, for the mode expansion of T̄ we get

[L̄n, L̄m] = (n −m)L̄n+m +
c̄

12
(n3

− n)δn+m,0 (21.98)

Finally, since the OPE of T (z) and T̄ (z̄) have no singularities, the generators
of the two Virasoro algebras must commute

[Ln, L̄m] = 0 (21.99)

The algebra of Eq.(21.97), the Virasoro algebra, differs from the classical
conformal algebra of Eq.(21.65) by the conformal anomaly term, the term
proportional to the identity operator on the right hand side of Eq.(21.97).
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This term is known as the central extension of the Virasoro algebra. As we
will see below, in quantum field theory it arises as a Schwinger term that
reflects the short-distance singularities of the theory.

The central extension is absent if n = 0,±1 for which the operators L0,
L1 and L−1 satisfy a closed subalgebra without a central extension,

[L1, L−1] = 2L0, [L±1, L0] = ±L±1 (21.100)

These operators generate the global conformal group SL(2,C).
The action of the Virasoro generators on the primary fields is derived from

Eq.(21.82),

[Ln,O] =zn+1∂O + h(n + 1)znO
[L̄n,O] =z̄n+1∂̄O + h̄(n + 1)z̄nO (21.101)

where, as before, ∆ = h + h̄ is the scaling dimension and s = h − h̄ is the
spin.

For a theory is quantized on a cylinder, c.f. Fig.21.2a, we will regard the
operator H = L0+L̄0 as the quantum Hamiltonian and P = L0−L̄0 with the
linear momentum. On the other hand, in radial quantization, c.f. Fig.21.2b,
L0 + L̄0 is the dilatation operator of the Euclidean theory and L0 − L̄0 is
the angular momentum. Let ∣0⟩ be the vacuum state of a two-dimensional
CFT, defined as the state with the lowest (zero) eigenvalue of L0

L0∣0⟩ = L̄0∣0⟩ = 0 (21.102)

The lowering operators of L0 (L̄0) are L−n (L̄−n) with n > 0.
Just as in the theory of angular momentum, a state annihilated by the

lowering operators is said to be a highest weight state.The vacuum is a
highest weight state because it has the lowest eigenvalue of L0+L̄0. Similarly,
the state O∣0⟩ is an eigenstate of L0 (L̄0) with eigenvalue h (h̄) and is
also a highest weight state. Given a highest weight state an (in principle
infinite) tower of states, the descendants, is constructed by acting on the
highest weight state with lowering operators. The space of states of a CFT
is then a sum of irreducible representations of the algebra of L’s and L̄’s
each generated from a highest weight state,

O∣0⟩ ≡ ∣h, h̄⟩ (21.103)

resulting from the action of a primary field on the vacuum state. The L0

and L̄0 eigenvalues of the highest weight state are

L0O∣0⟩ = hO∣0⟩, L̄0O∣0⟩ = h̄O∣0⟩ (21.104)
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A representation of the Virasoro algebra is built from the highest weight
state by the action of the lowering operators, L−n (with n ≥ 1). A state is
in the nth level if the L0 eigenvalue is h + n. The nth level is spanned by
the states L−k1 . . . L−knO∣0⟩, with k1 ≥ . . . ≥ kn ≥ 0 and ∑j kj = n. There
are P (n) such states, where P (n) is the number of ways of writing n as a
sum of positive integers (partitions). The higher level states correspond to
operators of increasingly higher dimensions obtained by applying products
of energy-momentum tensors on the highest weight state.

In summary, a two-dimensional CFT is characterized the following data:
the a central charge c, the conformal weights h of the primary fields O, and
the coefficients of the OPEs of the primary fields, i.e. their fusion rules. We
will discuss below how this works in a few examples of 2D CFT’s of interest.
However several questions arise. One is whether there are additional con-
strains, aside form conformal invariance, that may restrict (or even specify)
what 2D CFTs are allowed.

One constraint, natural from the point of view of quantum field theory is
unitarity (or, its Euclidean version, reflection positivity). We will see that
this is a powerful constraint. We should note that there are many examples
of systems in classical statistical mechanics which are conformally invariant
but not unitary. So far as what we have discussed is concerned the number
of primaries may well be infinite. It is natural to ask if there are constraints
that will restrict the primaries to a finite number. Such theories are known
as rational CFTs. Another way to further restrict the CFTs is to impose
the condition that the theory may also have global continuous symmetries
and the associated conserved currents. In this case the algebra of the cur-
rents, generally known as a Kac-Moody algebra, combined with the Virasoro
algebra, provides a framework to construct CFTs.

21.5.4 Physical meaning of the central charge

The central charge plays such a crucial role in a two-dimensional CFT. We
will now see that it has a direct physical meaning (Affleck, 1986b; Blöte
et al., 1986)

Let Z be the partition function of the theory, which we will regard as
either a quantum field theory in D = 2 Euclidean spacetime of a classical
statistical mechanical system in D = 2 dimensions. The free energy of the
system is F = − lnZ. Let us consider a system of linear size L. Then, in a
local theory, we expect the system to have a well defined thermodynamic
limit, L → ∞. In this limit the free energy can be expressed in terms of
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finite densities as

F = AL
2
+BL + . . . (21.105)

The coefficient of the leading term, f0, is the free energy density. It is inde-
pendent of the boundary conditions and in general it is not universal. the
second term is also generally not universal and it appears if the system has
a boundary. Among the correction terms there is a term O(L0) which, as we
will see, is universal if the system has no boundaries (i.e. it is defined on a
sphere, a torus, etc) is conformally invariant. In addition, if the system has
universal corrections proportional to lnL.

To understand the origin of these universal corrections we will consider
(for simplicity) the case of a conformal field theory on a manifold M without
boundaries. Such a manifold is in general curved. Under a global infinitesimal
dilatation, xµ ↦ (1+ ε)xµ, the action changes by an amount determined by
the trace of the energy-momentum tensor, Θ,

δS = −
ε

2π
∫
M

Θ(x)√gd2x (21.106)

where g
µν is the metric of the manifold M and g =

'''''' det gµν'''''' is the deter-

minant. The factor of 1/(2π) is introduced for later convenience.
In the renormalization group, the total partition function must be invari-

ant under such a rescaling. Thus is must be true that

Z = exp(−F (L)) = exp(−F (L + δL) − ⟨δS⟩) (21.107)

so that the change in the free energy is the negative of ⟨δS⟩. Therefore
L
∂F

∂L
=

1
2π

∫
M

⟨Θ⟩√gd2x (21.108)

We have seen that conformal invariance implies that the energy-momentum
tensor be traceless, Θ = 0. This is true only in flat spacetime. If the manifold
M has a scalar curvature, then there is a scale and the energy-momentum
tensor is not traceless. The expectation value of the trace of the energy-
momentum tensor is derived by considering a weakly curved system such an
infinitesimal coordinate transformation is represented by the infinitesimal
change in the metric δgµν = ∂νεµ + ∂µεν , so that the change in the action is

δS = −
1
4π

∫ T
µν
δgµνd

2
x (21.109)

However this expression also apply to changes in the metric due to changes in
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the geometry, not just to coordinate changes. This means that the invariance
of the partition function implies

Tr exp (−S +
1
4π

∫ T
µν
δgµνd

2
x) ''''''new geometry

= Tr exp(−S)''''''old geometry

(21.110)
The computation of the changes of the expectation values of all three com-
ponents of the energy-momentum tensor. This requires to compute integrals
of the correlators of energy-momentum tensors which, in turn, need a short-
distance regularization. The origin trace anomaly can be traced back to
the violation of conformal invariance by the regularization. This calculation
leads to the important result, for closed manifolds,

⟨Θ(x)⟩ = c

12
R(x) (21.111)

This relation, called the trace anomaly, measures the response to a weak
deformation of the geometry. Here R(x) is the scalar curvature of the two-
dimensional space. Notice that ⟨Θ⟩ ≠ 0 in flat spacetime if the system is
not at a fixed point. Although the term trace anomaly is also used in such
systems it is clear that there is nothing anomalous about them.

Another interesting interpretation of the central charge is obtained by
considering conformally invariant theories defined on an infinite cylinder,
i.e. a strip with coordinates −∞ < u < ∞ and a periodic coordinate 0 ≤

v ≤ ℓ. We can think of this geometry in two different ways. One is a 1+1-
dimensional conformal field theory at finite temperature T = 1/ℓ (in units
in which the Boltzmann constant kB = 1). The other interpretation is that
we are considering a conformally field theory on a circle with circumference
ℓ.

In both cases the theory on the cylinder is related to the theory on the
infinite flat plane by the conformal mapping

w = u + iv =
ℓ

2π
ln z (21.112)

The energy momentum tensor on the cylinder and on the plane are related
by the transformation law of Eq.(21.92) which, for this specific conformal
mapping yields

T (w)cylinder = (2π
ℓ
)2 (z2T (z)plane − c

24
) (21.113)

By translation and rotational invariance the expectation value of the energy-
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momentum tensor on an infinite plane must vanish. Hence

⟨T (w)cylinder⟩ = −
cπ

2

6ℓ2
(21.114)

Let us consider first the case that we are considering the case of a con-
formal field theory on a finite spatial interval of length ℓ. In this case, the
coordinate u is imaginary time and the periodic coordinate v is space. In
this case the Hamiltonian is

H =
1
2π

∫ ℓ

0
Tuudv =

1
2π

∫ ℓ

0
(T (v) + T̄ (v)) dv

=
2π
ℓ

(L0 + L̄0) − πc

6ℓ
(21.115)

where we used Eq.(21.114) and that

L0 =
1
2πi

∮ zT (z)dz, L̄0 = −
1
2πi

∮ z̄T̄ dz̄ (21.116)

Similarly, the momentum operator P is

P =
1
2π

∫ ℓ

0
Tuvdv =

2π
ℓ
(L0 − L̄0) (21.117)

Eq.(21.115) implies that the energy of the ground state, defined by L0∣0⟩ =
L̄0∣0⟩ = 0, is

Egnd = −
πc

6ℓ
(21.118)

where we have set to zero the extensive (and non-universal) part of the
ground state energy.

Eq(21.118) is the Casimir effect, which we have already discussed in Chap-
ter 8 for a free massless scalar field. Here we see that it is a general result
of a CFT. An important observation is that it is proportional to the central
charge c. In this, sense the central charge “counts” the number of degrees
of freedom (even though c generally is not an integer!).

In addition, we see that the energy E and momentum P eigenvalues of
the highest weight state ∣h, h̄⟩ are

E = Egnd +
2π∆
ℓ

, P =
2πs
ℓ

(21.119)

where ∆ = h + h̄ is the scaling dimension and s = h − h̄ is the conformal
spin of the primary field.

In the other interpretation of the theory on the cylinder, the space co-
ordinate has infinite extent, −∞ ≤ u ≤ ∞, while the periodic coordinate
0 ≤ v ≤ ℓ is interpreted as imaginary time with length ℓ = 1/T , where T is
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the temperature. Now Eq.(21.118) becomes the thermal contribution to the
free energy density (i.e per unit length) f of a CFT at temperature T ,

f = εgnd −
π

6
cT

2
(21.120)

where the extra factor of T comes from the definition of the free energy
and εgnd = limℓ→∞Egnd/ℓ. Here we have assumed that the speed of the
excitations, the speed of light, was set to 1.

The last term of Eq.(21.120) is a generalization of the Stefan-Boltzmann
law for blackbody radiation. From here it follows that the specific heat
C(T )/ℓ of a CFT is

lim
ℓ→∞

C(T )
ℓ

=
π

3
cT (21.121)

This result, again, suggests the interpretation of the central charge as a
measure of the number of degrees of freedom.

21.5.5 The C-theorem

So far we have discussed general properties of conformal field theories. How-
ever, in general a theory may not be conformal. We have seen this in detail
in our discussion of the Renormalization Group (RG) in Chapter 15 where
we considered a theory at some fixed point perturbed by a set of interactions
labeled by some coupling constants. In this case we found that there is a
flow in coupling constant space induced by the RG. We will now revisit the
RG flows in the case of two-dimensional CFTs.

The C-theorem is a deceptively simple but yet profound result due to A.
B. Zamolodchikov (Zamolodchikov, 1986; Ludwig and Cardy, 1987). Let us
consider as set of 2D (Euclidean) conformal field theories defined in terms
of a set of coupling constants {gi}, representing the couplings of a set of
primary fields Oi. We will consider continuum field theories only. We will
assume that in all the possible fixed points are critical fixed points (hence
with a divergent correlation length) and are represented by two-dimensional
CFTs. We will further assume that in this space of coupling constants that all
the irrelevant operators introduced by the regularization, i.e. lattice effects,
have already flown to zero. In this framework, the RG induces a flow in the
space of coupling constants linking different CFTs.

The C-theorem is stated as follows: there exists a function C of the cou-
pling constants which is non-increasing along the RG flows and it is station-
ary only at the fixed points. Moreover, at the fixed points the C function is
equal to the central charge of the CFT of the fixed point.
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Before we present the proof it is worth to discuss its meaning an impli-
cations. Intuitively this result makes a lot sense. Consider to CFTs related
by the RG flow. Since the flow is always from the UV to the IR, what the
RG describes is the gapping-out of a set of degrees present in theory I but
absent in theory II by turning on some relevant operators. In this sense the-
ory II has fewer degrees of freedom than theory I. Therefor we expect that
the central charges of theory I be larger than the central charge of theory
II, cI ≥ cII .

The proof goes as follows. We will assume that the theories are invari-
ant under translations and Euclidean rotations, and hence have a con-
served energy-momentum tensor T

µν . We will also assume that the the-
ories obey reflection positivity. Away from the fixed points, the energy-
momentum tensor has components, T = Tzz, T̄ = Tz̄z̄ and a non-vanishing
trace Θ = T

z
z +T

z̄
z̄ = 4Tzz̄. Under rotations T ,Θ, and T̄ have spins s = 2, 0,−2

respectively. Their correlation functions have the form

⟨T (z, z̄)T (0, 0)⟩ =F (az̄)
z4

⟨Θ(z, z̄)T (0, 0)⟩ =⟨T (z, z̄)Θ(0, 0)⟩ = G(zz̄)
z3z̄

⟨Θ(z, z̄)Θ(0, 0)⟩ =H(zz̄)
z2z̄2

(21.122)

where F , G and H are non-trivial scalar functions. Conservation of the
energy-momentum tensor, ∂µT

µν
= 0, in complex coordinates implies

∂̄T +
1
4
∂Θ = 0 (21.123)

Taking correlation functions with T (0, 0) and Θ(0, 0) we obtain

Ḟ +
1
4
(Ġ − 3G) =0

Ġ−G +
1
4
(Ḣ − 2H) =0 (21.124)

where

Ḟ ≡ zz̄F
′(zz̄), Ġ ≡ z

3
z̄G

′(zz̄), Ḣ ≡ z
2
z̄
2
H

′(zz̄) (21.125)

Upon eliminating the function G using the conservation laws, and defining
the function C

C ≡ 2F −G−
3
8
H (21.126)

we obtain

Ċ = −
3
4
H (21.127)
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Now, reflection positivity requires that

⟨Θ(z, z̄)Θ(0, 0)⟩ ≥ 0 (21.128)

which implies that H ≥ 0. Therefore, C is a non-increasing function of
R = (zz̄)1/2 and it is stationary, i.e. Ċ = 0, only if H = 0.

Under an RG transformation, the short-distance cutoff is scaled as a →

a(1 + δℓ). Since the quantity C is a dimensionless function of R and of the
coupling constants {gi}, a change in the UV scale is equivalent to sending
R → R(1 − δℓ) and to a new set of couplings to {g′i} according to the
RG equations defined by the beta-functions, {βi}.Therefore, the function
C(R, {gi}) satisfies the Callan-Symanzik RG equation

(R ∂

∂R
+∑

i

βi({g}) ∂∂gi)C(R, {g}) = 0 (21.129)

where

dC

dℓ
= −∑

i

βi({g})∂C∂gi (21.130)

is the rate of change of C along the RG trajectory, at fixed R. This result
implies that if we define

C({g}) ≡ C(1, {g}) (21.131)

then this quantity is non-increasing under the RG. Furthermore, it vanishes
only if H = 0 which, reflection positivity, means Θ = 0 and the theory is
scale invariant (and hence is a fixed point). In addition at the fixed point
G = H = 0 and F = c/2 (where c is the central charge). Hence, at the
stationary points the function C is equal to the central charge of the fixed
point, C = c.

The function C can be computed using the perturbative RG discussed in
Section 15.6. There we showed that the beta functions have the form

dgi
dℓ

= (2 −∆i)gi − 1
2
∑
k,l

cijkgjgk + . . . (21.132)

(no summation in the first term) where cijk are the coefficients of the OPEs
of the primary fields {Oi}. This equation implies that, to this order, the RG
equations describe gradient flows, i.e.

dgi
dℓ

=
∂

∂gi
C̃({g}) (21.133)
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where

C̃({g}) = 1
2
∑
k

(2 −∆k)gk + 1
6
∑
ijk

cijkgigjgk (21.134)

We can now use this function C̃ to compute the Zamolodchikov’s C-function.
Since it must have the same stationary points as C̃, to this order they must
be proportional

C({g}) = c + αC̃({g}) +O(g4) (21.135)

where α is a constant to be determined. This can be done using perturbation
theory.

To this end consider the case of a CFT that is perturbed by a single
relevant operator, a primary field O of conformal weight (h, h), scaling di-
mension ∆ = 2h and spin s = 0. The perturbed action is

S = SCFT − λ∫ d
2
zO(z, z̄) (21.136)

For this perturbation to be relevant we must have ∆ < 2, and, hence, h < 1.
The coupling constant λ has dimension (1 − h, 1 − h).

Let us compute the changes of the correlators with insertions of the
energy-momentum tensor. To first order in λ we get

⟨T (z, z̄) . . .⟩ = ⟨T (z, z̄ . . .⟩CFT + λ∫ ⟨T (z)O(w, w̄)⟩CFTd
2
w + . . . (21.137)

From the OPE

T (z)O(w, w̄) = h(z − w)2O(w, w̄) + 1
z − w∂O(w, w̄) + . . .

=
h(z − w)2O(z, z̄) + 1 − h

z − w∂O(z, z̄) + . . . (21.138)

This implies that the integral in Eq.(21.137) is divergent and, hence, it
requires that we introduce a short-distance cutoff, e.g a cutoff step function
that exludes a circle of radius a from the integral However, the cutoff violates
conformal invariance (as before!) and, as a result ∂̄T ≠ 0,

∂̄T = λ∫ d
2
w
1− h
z − w (z − w)∂O(z, z̄)δ(∣z − w∣2 − a

2) + . . . (21.139)

Since the energy-momentum tensor must still be conserved, ∂̄ + 1
4
∂Θ = 0,

we see that the energy-momentum tensor now has a non-vanishing trace,

Θ(z, z̄) = −4πλ(1 − h)O(z, z̄) (21.140)
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Using Eq.(21.127) we find that the C -unction is

C({gi}) = c(g∗) − 3(2 −∆j)gjgi + 2cijkg
i
g
j
g
k
+O(g4) (21.141)

where g
∗
= {g∗i } is the fixed point.

In the simple case of a single relevant perturbation this result implies
that the central charge at a nearby fixed point g

∗
= −(2 − ∆)2/c111 is

c
′
= c − (2−∆)3/c2111 +O((2−∆)4).
The generalization of the C-theorem to dimensions D > 2 turned out to

be quite subtle and to require concepts of quantum information theory such
as the entanglement entropy. This is the subject of intense research at the
time these pages are being written, and will not discuss them here.

21.6 Examples of two-dimensional CFTs

21.6.1 The free compactified boson

Consider a free massless scalar field φ(x) in two spacetime dimensions. We
will work with the Euclidean signature. We have briefly discussed this theory
in Section 19.9.

The action of the free massless scalar field is

S =
1
8π

∫ d
2
x ∂µφ∂

µ
φ (21.142)

The two-point function of the field φ is

⟨φ(x)φ(y)⟩ = − ln(x − y)2 + const. (21.143)

(which requires a short distance subtraction that determines the value of
the additive constant). In complex coordinates it becomes

⟨φ(z, z̄)φ(w, w̄)⟩ = − [ln (z − w) + ln(z̄ − w̄)]+ const. (21.144)

The holomorphic and anti-holomorphic components are split if we look at
the correlators of gradients of the field

⟨∂zφ(z, z̄)∂wφ(w, w̄)⟩ = −
1(z − w)2

⟨∂z̄φ(z, z̄)∂w̄φ(w, w̄)⟩ = −
1(z̄ − w̄)2 (21.145)

This implies that the field ∂φ obeys the OPE

∂φ(z)∂φ(w) = −
1(z − w)2 (21.146)
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The quantum energy-momentum tensor in complex coordinates is the
normal-ordered operator

T (z) = −
1
2
∶ (∂φ(z))2 ∶ (21.147)

Here normal-ordering means the limit

T (z) = −
1
2
lim
w→z

(∂φ(z)∂φ(w) − ⟨∂φ(z)∂φ(w)⟩) (21.148)

The OPE of T (z) with ∂φ(z) can be found using Wick’s theorem

T (z)∂φ(w) = −
1
2
∶ (∂φ(z))2 ∶ ∂φ(w)

=− ∶ ∂φ(z)∂φ(z) ∶ ∂φ(w) (21.149)

=
1(z − w)2 ∂φ(z) (21.150)

Hence, the OPE between T (z) and ∂φ is

T (z)∂φ(w) = 1(z − w)2∂φ(w) + 1
z − w∂

2
wφ(w) (21.151)

This means that the holomorphic operator ∂φ has conformal weight h = 1.
Another interesting operator is the vertex operator Vα(z) =∶ exp(iαφ(z)) ∶,

where α ∈ R. Here, as before, normal ordering means not to contract the
operators inside the exponential when it is expanded in powers. This rule is
equivalent to a multiplicative wave function renormalization of the operator.
The OPE of the energy-momentum tensor with the vertex operator is

T (z)Vα(w) = hα(z − w)2 Vα(w) + 1
z − w∂Vα(w) (21.152)

We find that the vertex operator is a primary field of conformal weight hα

hα =
α
2

2
(21.153)

We could have deduced this result by computing the two point function of
the vertex operator

⟨Vα(z)V−α(w)⟩ = exp (α2⟨φ(z)φ(w)⟩) = 1(z − w)2hα (21.154)

where the conformal weight hα is given in Eq.(21.153). Notice that in this
case the conformal weight also depends on the parameter g. In this theory
we could have formally rescaled the field and and the g dependence will
amount to a rescaling of α.
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Similarly, we can also use Wick’s theorem to calculate the OPE of the
energy-momentum tensor with itself

T (z)T (w) =1
4
∶ (∂φ(z))2 ∶∶ (∂φ(w))2 ∶

=
1/2(z − w)4 +

2(z − w)2T (w) + 1
z − w∂T (w) (21.155)

This equation implies that the holomorphic component of the energy-momentum
tensor T (z) has conformal weight h = 2 and that the central charge of the
free massless scalar field is c = 1.

In Chapter 11 we discussed the concept of spontaneous symmetry breaking
in theories with a global symmetry. The massless scalar field φ arises formally
as the phase field, i.e. the Goldstone boson, of an order parameter field with
a global U(1) ≃ O(2) symmetry in two dimensions. The action of the field φ,
Eq.(21.142), has a global shift symmetry φ(x) → φ(x)+ a, where a is a real
number. As we see, the propagator of the field φ breaks cluster decomposition
since it grows at long distances (as well as at short distances!). In this sense
it is not a physical field.

However the operator ∂µφ is invariant under such shifts. Likewise, the
vertex operators, which exhibit power law behavior, transform non trivially
under the shift symmetry and are physical. Moreover, since it is a phase
field, the physical operators must be invariant under periodic shifts

φ(z, z̄) ↦ φ(z, z̄) + 2πR (21.156)

where R is the compactification radius. In other terms, the field is compact-
ified. This terminology comes from String theory in which the field φ is the
coordinate of a string on a compactified space of radius R. This condition
implies that the allowed operators must be invariant under the periodic
shifts of Eq.(21.156). The compactification condition imposes the strong re-
strictions on the allowed primary fields.

One operator that is always allowed is the “current” operator J = i∂φ(z)
since it is automatically invariant under shifts. However, the only vertex
operators allowed must be such that Rα ∈ Z. Thus the allowed vertex
operators are

Vn(z) =∶ exp(inφ(z)/R) ∶ (21.157)

with n integer, with conformal weight

hn =
n
2

2R2
(21.158)

An interesting case has compactification radius R = 1/√2. In this case the
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operators J
3(z) = i∂φ(z), and J

±(z) = exp(±i√2φ(z)) have conformal
weight (1, 0). These operators obey the OPEs

J
+(z)J−(w) = 1(z − w)2 +

√
2

z − wJ
3(w)

J
3
J
±(w) = √

2
z − wJ

±(w) (21.159)

and similarly for J̄3 and J̄
±.

If we define J
±

=
1√
2
(J1

± iJ
2), then this current algebra can also be

written as

J
i(z)J j(w) = δ

ij

(z − w)2 +
i
√
2ϵijk

z − w J
k(w) (21.160)

This defines an SU(2)1 Kac-Moody algebra of the SU(2) currents. The first
term on the right hand side represents the central extension of the SU(2)
algebra at “level” 1 (the prefactor of the Kronecker delta). In terms of the
mode expansions

J
i(z) = ∑

n∈Z

J
i
n

zn+1
, where J

i
n = ∮ dz

2πi
z
n
J
i(z) (21.161)

the modes obey the commutation relations

[J i
b, J

j
m] = i

√
2ϵ

ijk
J
k
n+m + nδ

ij
δn+m,0 (21.162)

On the other hand, the vertex operators V±1(z) = exp(±iφ(z)/√2) have
conformal weight (1/4, 0) and their two-point functions are

⟨V1(z)V−1(w)⟩ = 1(z − w)1/2 (21.163)

and are double-valued. It can be shown that these fields constitute j = 1/2
and m = ±1/2 (spinor) representation of the SU(2) current algebra.

A more general case of this type occurs when the compactification radius
is R =

√
m with m ∈ Z. In this case the conformal weights of the vertex

operators are hn = n
2/(2m). Their two point functions are

⟨Vn(z)V−n(w)⟩ = 1

zn
2/m (21.164)

In general these two point functions are multivalued since under a rota-
tion by 2π the argument changes by 2πn2/m. In other words these chiral
fields represent are anyons (or parafermions). Now, among this infinite list
there are some operators that remain local in the sense that they are single
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valued. This happens for n =
√
mp (where p is an integer). However, the

non-local part of these operators can be classified into m − 1 sectors, with
n = 0, 1, . . . ,m − 1. Each sector is labelled by a primary field, the vertex
operator Vn(z) = exp(inφ(z)/√m). hence, instead of having infinitely many
primaries, these compactified bosons have a finite number (m) of primaries.
CFTs with a finite number of primaries are called rational CFTs (Ginsparg,
1989).

We close by noting a case of special interest, R = 1. In this case there are
only two sectors, one labelled by the identity V0 = I and the other by the
primary V1(z) = exp(iφ(z)). In this case, the two-point function is

⟨V1(z)V−1(w)⟩ = 1
z − w (21.165)

which is odd under the exchange z ↔ w, a property that we expect in a
fermion. We will see below that this is indeed the Dirac fermion.

21.6.2 The free massless fermion CFT

Let us consider now a free massless relativistic fermions in two dimensions.
As before we will set the speed of light to unity. We will work in the Eu-
clidean signature. A relativistic fermion in D = 2 Euclidean dimensions is a
two-component spinor. We will work in the chiral basis in which the upper
component of the spinor is a right-moving field and the lower component is
a left moving field. In the Euclidean signature the upper component of the
spinor is holomorphic and the lower component is anti-holomorphic. A chiral
(holomorphic) fermion is the D = 2 version of a Weyl fermion. In addition
the fermionic fields may be complex (Dirac) or real (Majorana).

A: Majorana fermions

Let ψR denote a real (Majorana) chiral (right-moving) Majorana fermion
and ψL an anti-chiral (left-moving) Majorana fermion. (We are changing the
notation here to avoid confusion with the standard notation for relativistic
fermions.) We already encountered a theory of Majorana fermions in the
context of the solution of the 2D Ising model in Chapter 14. We will see
shortly that the CFT of the Majorana fermion is closely related to the Ising
CFT.

The action for a massless Majorana spinor in the Euclidean signature is
(including both chiralities)

S =
1
8π

∫ d
2
x (ψR∂̄ψR + ψL∂ψL) (21.166)
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Here we used that in D = 2 Euclidean dimensions the Dirac operator can
be represented as

/∂ = σ1∂1 + σ2∂2 = (0 ∂

∂̄ 0
) (21.167)

The equations of motion of of this theory are

∂̄ψR = 0, ∂ψL = 0 (21.168)

Hence, ψR is only a function of z and is a holomorphic field, and ψL is only
a function of z̄ and is an anti-holomorphic field.

With the normalization used in Eq.(21.166), the OPEs of the Majorana
Fermi fields is

ψR(z)ψR(w) = −
1

z − w, ψL(z̄)ψL(w̄) = −
1

z̄ − w̄ (21.169)

which also specify the propagators. In this theory, the holomorphic and anti-
holomorphic components of the energy-momentum tensor are

T (z) = 1
2
∶ ψR(z)∂ψR(z) ∶, T̄ (z̄) = 1

2
∶ ψL(z̄)∂̄ψL(z̄) ∶ (21.170)

It follows that the OPE of the above energy-momentum tensor T (z) with
the chiral Majorana spinor is

T (z)ψR(w) = 1/2(z − w)2ψR(w) + 1
z − w∂ψR(w) (21.171)

Hence the chiral majorana spinor ψR has conformal weight (h, h̄) = (1/2, 0),
as can also be read off Eq.(21.169). Thus, the chiral Majorana fermion has
scaling dimension ∆ = 1/2 and spin s = 1/2 (as it should!). Similarly, one
finds that the anti-chiral field ψL has conformal weight (h, h̄) = (0, 1/2),
and has scaling dimension ∆ = 1/2 and (conformal) spin −1/2.

Finally, the OPE of the energy-momentum tensors can be computed using
Wick’s theorem to yield

T (z)T (w) = 1/4(z − w)4 +
2(z − w)2T (w) + 1

z − w∂T (w) (21.172)

and similarly for T̄ . This result implies that the central charge of a chiral
Majorana spinor is c = 1/2.

Another primary field that can be constructed is the Majorana mass oper-
ator ψR(z)ψL(z̄) that mixes the right and left moving sectors. It is straight-
forward to see that this is a primary field with conformal weight (1/2, 1/2)
and, hence, scaling dimension ∆ = 1 and (conformal) spin s = 0.
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B: Dirac fermions

A Dirac (complex) chiral fermion has the form ψR = ηR+ iχR, where ηR and
χR are chiral Majorana fermions. The Euclidean action of the Dirac fermion
is

S =
1
4π

∫ d
2
xψ̄/∂ψ (21.173)

which is just the sum of the action of the Majorana fermions η and χ, each of
the form of Eq.(21.166). It then follows that, since each Majorana field has
central charge c = 1/2, the central charge of the complex (Dirac) fermion is
c = 1. The energy-momentum tensor of the Dirac field is just the sum of the
energy-momentum tensors of the two Majorana fermions.

Just as in the Majorana case, the Dirac fermions ψR and ψL have confor-
mal weights (1/2, 0) and (0, 1/2), respectively. Hence their two-point func-
tions are

⟨ψ†
R(z)ψR(w)⟩ = −

1
z − w, ⟨ψ†

L(z̄)ψL(w̄)⟩ = −
1

z̄ − w̄ (21.174)

The Dirac fermion is a complex field and has a global U(1) symmetry.
Consequently, it has a locally conserved current J

µ
= (J0, J1) = ψ̄γ

µ
ψ,

which can be decomposed into right and left moving (holomorphic and anti-

holomorphic) components, JR = ψ
†
RψR and JL = ψ

†
LψL, which have confor-

mal weights (1, 0) and (0, 1) respectively. Their two-point functions are

⟨JR(z)JR(w)⟩ = 1(z − w)2 , ⟨JL(z̄)JL(w̄)⟩ = 1(z̄ − w̄)2 (21.175)

The U(1) currents JR and JL satisfy an OPE of the form

JR(z)JR(w) = 1(z − w)2 , JL(z̄)JL(w̄) = 1(z̄ − w̄)2 (21.176)

The singular term of the right hand side is known as the Schwinger term of
the U(1) currents.

In terms of the mode expansions we find a U(1) Kac-Moody algebra

[JR
n , J

R
m] = nδn+m,0 (21.177)

and similarly for the modes of the left moving currents. The right and left
moving currents commute with each other.

The expressions of the fermion two-point functions and the Dirac current
algebra with the results we obtained for a compactified free massless boson
with compactification radius R = 1 suggests that there is a direct connection.



21.6 Examples of two-dimensional CFTs 831

This mapping is known as bosonization. To see how it works we assert that
the mapping is the following set of relations between the two theories

ψR(z) ↔ e
iφ(z)

, JR(z) ↔ −i∂φ(z)
ψL(z̄) ↔ e

−iφ̄(z̄)
, JL(z̄) ↔ i∂̄φ̄(z̄) (21.178)

where φ̄ is the left moving (antiholomorphic) component of the field φ(z, z̄) =
φ(z) − φ̄(z̄).

A more complete proof of the bosonization mapping requires showing that
the two theories have identical spectrum. This involves computing that the
partition functions on a torus (with suitable boundary conditions) for both
theories and showing that they agree. This is a technical argument that we
will not be pursued here.

21.6.3 Minimal models and 2D Ising model CFT

In chapter 14 we looked at the statistical mechanics of the two-dimensional
classical Ising model (or, equivalently, the one-dimensional quantum Ising
model). There we saw that this is secretly a theory of free relativistic Ma-
jorana fermions that become massless at the critical point. Here we will see
that this is a special case of a large class of conformal field theories known
as the Minimal Models.

In Section 21.5.3 we introduced the Virasoro algebra, Eq.(21.97), of the
generators Ln and L̄n of conformal transformations in two Euclidean di-
mensions. There we showed that the vacuum state of a CFT, ∣0⟩ is anni-
hilated by both L0 and L̄0. We also showed that a primary field O defines
a highest-weight state of the Virasoro algebra, O∣0⟩ = ∣h, h̄⟩, where h (h̄)
is the L) (L̄0) eigenvalue of the highest-weight state. We also argued that
given a highest-weight state, an infinite number of descendant states can be
constructed by acting repeatedly with the lowering operators Ln (L̄−n) with
n > 0, on the highest-weight state. However, for this scheme to be consistent
all the descendants must be linearly independent. A linear combination of
descendants that vanishes defines a null state, which implies that the states
are linearly dependent. A representation is constructed by removing all the
null states.

This scheme follows closely the construction of the representations of the
angular momentum representations of the group of rotations. In the case of
the group of rotations, the requirement that the representations be unitary,
i.e. that the norm of the states be positive, leads to the quantization of
the angular momentum eigenvalues. We will now sketch an argument, due
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to Belavin, Polyakov and Zamolodchikov (Belavin et al., 1984) that the
requirement of unitarity similarly leads to powerful restrictions on the values
of the representations of the conformal group, i.e. to the allowed values of
the central charge c, of the conformal weights (h, h̄) and to the fusion rules
of the allowed primary fields, encoded in their fusion rules.

The null states are found in a straightforward way. For example, at level 1
the only possibility is L−1∣h⟩ = 0. But this means that h = 0, and ∣h⟩ = ∣0⟩,
the vacuum state. At level two it may happen that

L−2∣h⟩ + aL
2
−1∣h⟩ = 0 (21.179)

for some value of a. Acting with L1 on this equation we find the consistency
condition

[L1, L−2]∣h⟩ + a[L1, L
2
−1]∣h⟩ =3L−1∣h⟩ + a (2{L−1, L0}) ∣h⟩

= (3 + 2a(2h + 1))L−1∣h⟩ = 0 (21.180)

which can only happen if a = −3/2(2h + 1). If now we act with L2 we find
the condition

[L2, L−2]∣h⟩+ a[L2, L
2
−1]∣h⟩ = (4L0 +

c

2
) ∣h⟩ + 3aL1L−1∣h⟩

=(4h +
c

2
+ 6ah)∣h⟩ = 0 (21.181)

so that the central charge must satisfy c = 2((−6ah−4h) = 2h(5−8h)/(2h+
1). Thus, this will work if the highest-weight state ∣h⟩ at this value of c

satisfies

(L−2 −
3

2(2h + 1)L2
−1) ∣h⟩ = 0 (21.182)

Such a state, with a null descendant at level 2, is said to be degenerate at
level 2. It can be shown that this equation implies that the N -point functions
of primary fields satisfy a set of differential equations. In the case of the four-
point functions they can be expressed in terms of hypergeometric functions.

Unitarity means that the inner product in the space of states is positive
definite. The inner products of any two descendant states can be computed
using the Virasoro algebra. A state ∣ψ⟩ that has negative norm, ⟨ψ∣ψ⟩ < 0,
is called a “ghost”. In an unitary theory a ghost should not be found at any
level of the representation. Given the collection of descendants of a highest-
weight state, one can define a matrix whose matrix elements are the inner
products,. The determinant of this matrix is known as the Kac determi-
nant. A zero eigenvector of this matrix implies that there are null vectors.
Therefore it will be sufficient to look for zeros of the Kac determinant.
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At level two we have the two-component basis L−2∣h⟩ and L
2
−1∣h⟩. The

matrix is

(⟨h∣L2L−2∣h⟩ ⟨h∣L2
1L−2∣h⟩⟨h∣L2L

2
−1∣h⟩ ⟨h∣L2

1L
2
−1∣h⟩) = (4h + c

2
6h

6h 4h(2h + 1)) (21.183)

The determinant of this matrix can be written as

2(16h3 + 2h
2
c = hc) = 32(h − h1,1(c))(h− h1,2(c))(h− h2,1(c)) (21.184)

where

h1,1(c) = 0, h1,2(c) = h2,1(c) = 1
16

(5− c) ∓√(1− c)(25 − c) (21.185)

The h = 0 root is actually due to a null state at level 1, L−1∣0⟩ = 0, which
implies that L2

−1∣0⟩ = 0 as well. This feature is repeated at all orders.
At level N , the Hilbert space are states of the form

∑
ni

an1...nk
L−n1

. . . L−nk
∣h⟩ (21.186)

with ∑i ni = N . At level N we need the determinant of the P (N) × P (N)
matrix of inner products of the form

MN(c, h) = ⟨h∣Lml
. . . Lm1

L−n1
. . . L−nk

∣h⟩ (21.187)

If the determinant vanishes, detMN(c, h) = 0, then there are null states for
each c and h. If negative, the determinant has an odd number of negative
eigenvalues (at least one). The representation of the Virasoro algebra at
those values of c and h is not unitary.

Kac gave an explicit expression for the determinant

detMN(g, h) = αN ∏
pq≤N

(h− hp,q(c))P (N−pq)
(21.188)

Upon defining

m = −
1
2
±

1
2

√
25 − c

1 − c
(21.189)

or, equivalently

c = 1−
6

m(m + 1) , (21.190)

the quantity hp,q becomes

hp,q(m) = [(m + 1)p −mq]2 − 1

4m(m + 1) (21.191)
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The Kac determinant does not have zeros at any level if c > 1 and h ≥ 0.
For c = 1 the determinant vanishes if h = n

2/4, but it does not become
negative. Thus, there is not obstacle, in principle, to having unitary repre-
sentations for c ≥ 1 and h ≥ 0.

On the other hand, for 0 < c < 1 and h > 0 Friedan, Qiu and Shenker
(Friedan et al., 1984) showed that unitary theories only exist for the set of
discrete values of the central charge given in Eq.(21.190) for integer values
m = 3, 4, . . .. For each value of c there are m(m − 1)/2 allowed values of h
given by Eq.(21.191), where p and q are integers such that 1 ≤ p ≤ m − 1
and 1 ≤ q ≤ p. The set of CFTs that satisfy these conditions is known as
the Minimal Models, and the set defined by Eq.(21.190) are their central
charges.

We will now consider the first Minimal Model, with m = 3. These results
implies that is has central charge c =

1
2
. Let us label the primary fields by

Op,q(z, z̄) = φp,q(z)φ̄p,q(z̄) with conformal weights (h, h̄). For m = 3 the
allowed values are h = 0, 1

2
, 1
16
, with primaries

O1,1 ∶ (0, 0), O2,1 ∶ (12 , 12) , O2,1 ∶ ( 1
16

,
1
16

) (21.192)

This is telling us that we have a theory whose non-chiral primaries have
scaling dimensions ∆ = 0, 1, 1

8
. It also has a chiral primary with scaling

dimension 1
2
and spin s = 1

2
.

In Chapter 14 we presented the solution to the 2D Ising Model. In Section
14.7 we showed that the critical behavior is described by a theory of Majo-
rana fermions which become massless at the critical point. We see that this
the minimal model with m = 3 is consistent with these results. indeed it has
central charge 1

2
, as a massless Majorana fermion does. It also has a chiral

primary field (1
2
, 0) which is a fermion with dimension 1

2
and (conformal)

spin 1
2
(and similarly for the anti-chiral field). The Majorana fermion mass

ε = ψRψL is a field with conformal weight (1
2
, 1
2
), scaling dimension ∆ε = 1,

and (conformal) spin s = 0.
We also find another field, O2,1, which has conformal weight ( 1

16
, 1
16
).

Hence, it has scaling dimension 1
8
and (conformal) spin s = 0. In Chapter

14 we did not compute the spin-spin correlation function. However, it is
known that this correlator has a power-law behavior with exponent η =

1
4
.

This implies that the scaling dimension of the spin operator, σ, the order
parameter of the Ising model, is ∆ =

1
8
! Thus, we conclude that the CFT of

the 2D Ising model is indeed the m = 3 minimal model.
We close by noting that the fusion rules, i.e. the OPEs, of the primaries
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are also determined. In the case of the Ising model we have three conformal
families, each labeled by a primary field, 1, [ε] and [σ], and obey the fusion
rules

[σ][σ] = 1+ [ε], [σ][ε] = [σ], [ε][ε] = 1 (21.193)

This approach also allows to compute the four-point function of the σ field,
the order parameter of the Ising model. This a beautiful but quite technical
subject and we will not pursue it here.

21.6.4 The Wess-Zumino-Witten CFT

The Wess-Zumino-Witten (WZW) model is a 1+1-dimensional non-linear
sigma model whose degree of freedom is an element of a Lie group G. We
already discussed this model briefly in Section 20.9.3. The action of this
model is

S[g] = 1

4λ2
∫
S2
base

d
2
x tr (∂µg∂µg−1)+ k

24π
∫
B
ϵ
µνλ

tr (g−1∂µg g
−1
∂νg g

−1
∂λg)

(21.194)
In the second term of the action, the Wess-Zumino-Witten term, the field
g(x) whose base space is S

2
base, is extended to the interior of a three-

dimensional ball B ⊂ S
3) whose boundary is S2

base, subject to the condition
that g(x) = 1 (the identity) at the center of the ball B. The extension to the
interior of the ball B is arbitrary. However, not all the extensions are equiv-
alent since the mappings of the ball, S3, to the group manifold G (SU(N)
in this case) are classified by the homotopy group π3(SU(N)) = Z, with
topological charge

Q =
1

24π2
∫
S3
ϵ
µνλ

tr (g−1∂µg g
−1
∂νg g

−1
∂λg) (21.195)

Thus, the second term of the WZW action has an ambiguity equal to 2πkQ,
which is unobservable if k ∈ Z. We recognize that that is essentially the
same argument that led to the quantization of spin in the coherent-state
path integral for spin in Section 8.9.

The WZW term was introduced by Witten in his work on current al-
gebras and non-abelian bosonization (Witten, 1984), and by Polyakov and
Wiegmann as an effective action of 1+1-dimensional free fermionic theories
(Polyakov and Wiegmann, 1983). This theory has an IR stable fixed point
at λ2c = 4π/k where the theory has full conformal invariance, where it de-
scribes a conformal field theory. The WZW CFT was solved by Knizhnik
and Zamolodchikov (Knizhnik and Zamolodchikov, 1984).
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To motivate the structure of the WZW CFT we will first us consider a
theory of N massless Dirac fermions in 1+1 dimensions with U(N) global
symmetry. Witten worked with a theory of free Majorana fermions and the
O(N) group. Here we are following later results by Affleck (Affleck, 1986a).
The Lagrangian for the U(N) group is

L = ψ̄ji/∂ψj (21.196)

Here j = 1, . . . , N labels the species of Dirac fermions (not their Dirac
components!). We will work in the chiral basis in which, in terms of the
Pauli matrices, the Dirac matrices are γ0 = σ1, γ1 = iσ2, and γ5 = σ3. In this
basis, the Dirac components of the spinor field ψi are, respectively, the right-
moving component ψR,i (with chirality +1), and the left-moving component
ψL,i (with chirality −1). This Lagrangian is invariant under global U(N) ×
U(N) transformations of the right and left moving fields. Each U(N) can
be regarded as a direct product of a U(1) group, generated by the identity
matrix of the U(N) algebra, and the SU(N) subgroup of U(N). We have
a set of right and left moving (formally) separately conserved currents

JR = ψ
†
R,iψR,i, JL = ψ

†
L,iψL,i (21.197)

and

J
a
R = ψ

†
R,it

a
ijψR,j J

a
L = ψ

†
L,it

a
ijψL,j (21.198)

for the SU(N) currents. Here, the N
2
− 1 matrices taij are the generators of

the group SU(N). The generators are normalized such that tr(tatb) = 1
2
δab,

and obey the SU(N) algebra [ta, tb] = ifabctc, where fabc are the structure
constants of SU(N).

As in the case of the abelian theory, discussed in section 20.3, these
currents are affected by the U(1) chiral anomaly, and their commutators
have Schwinger terms. The non-abelian currents also have a (non-abelian)
chiral anomaly. A careful calculation, using the point-splitting procedure
that we already used in section 20.3 (c.f. Eq.(20.15), which preserves gauge-
invariance, one finds that, at equal times, the right and left moving currents
obey the algebras

[JR(x), JR(y)] = i
N

2π
δab∂xδ(x − y), [JL(x), JL(y)] = −i

N

4π
δab∂xδ(x − y)

(21.199)
for the abelian currents. This is the U(1)N Kac-Moody algebra. Similarly,
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for the non-abelian currents we find

[Ja
R(x), Jb

R(y)] =ifabcJc
R(x)δ(x − y) + i

k

4π
δab∂xδ(x − y)

[Ja
L(x), Jb

L(y)] =ifabcJc
L(x)δ(x − y) − i

k

4π
δab∂xδ(x − y) (21.200)

This is the SU(N)k Kac-Moody algebra. The Schwinger term in Eq.(21.200)
is the central extension of the SU(N)k Kac-Moody algebra.

We recognize the second terms of the right hand side of both sets of equa-
tions as Schwinger terms, analogous to the ones we discussed in the abelian
theory. Mathematically the Schwinger terms are called “central extensions”,
and the parameter k, is the level of the Kac-Moody algebra, or its central ex-
tension. We already encountered a central extension in the Virasoro algebra,
Eq.(21.87). In the free Dirac theory that we are considering the parameter
k = 1. Furthermore, it is known form the mathematical literature that this
current algebra has unitary representations only if k ∈ Z. Therefore, the
level k cannot be an arbitrary real number and is quantized.

We will use light-cone components (i.e. left and right moving), x± =
1
2
(x0 ∓ x1), and the notation ∂± = ∂/∂x±

. The light-cone components of
the energy-momentum tensor, T and T̄ for the left and right moving com-
ponents respectively, are of the energy momentum tensor are

T =
1
2
(H − P ) = i ∶ ψ

†
L,i∂−ψL,i ∶, T̄ =

1
2
(H + P ) = i ∶ ψ

†
R,i∂+ψR,i ∶

(21.201)
where H and P are, respectively, the (normal-ordered) Hamiltonian and
linear momentum. A straightforward (but lengthy) calculation leads to the
result that the normal-ordered left and right moving components of the
energy momentum tensor, denoted by T− and T̄ respectively, are

T =
π

N
JLJL +

2π
N + 1

J
a
LJ

a
L, T̄ =

π

N
JRJR +

2π
N + 1

J
a
RJ

a
R (21.202)

The U(1) currents are given in abelian bosonization by

JL =

√
N

4π
∂−φ, JR = −

√
N

4π
∂+φ (21.203)

where φ is a boson (scalar field) with compactification radius

R =
1√
4πN

(21.204)

Let us now focus on the SU(N) currents. Their right and left moving
currents obey the conservation laws

∂−J
ij
R = 0, ∂+J

ij
L = 0 (21.205)
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Witten showed that these equations can be solved in terms of a group-valued
field, a matrix g(x−) ∈ SU(N), in terms of which the chiral currents are
(suppressing the group indices)

J
a
R(x) = i

2π
tr(g−1(x)∂+g(x)ta), J

a
L(x) = −

i

2π
tr((∂−g(x))g−1(x)ta)

(21.206)
The conservation of the currents imply that

∂−(g−1∂+g) = 0, ∂+((∂−g)g−1) = 0 (21.207)

The results of Eq.(21.206) provide an operator identification of the non-
abelian chiral fermionic currents in terms of the currents of the WZWmodel.
These identifications are the non-abelian version of the identification of the
currents in the abelian theory in terms of the compactified boson φ.

The next task is to find a local Lagrangian for the matrix-valued field
g(x). Since g(x) ∈ SU(N), it is not a free field. Indeed, we recognize that
this is a principal chiral field. Its natural action is

L =
1

4λ2
∫ d

2
x tr(∂µg∂µg−1) (21.208)

This, however, cannot be the correct answer since, as we saw, the non-linear
sigma model is an asymptotically free with a positive beta function (using
the high-energy physics sign convention), while the theory of free massless
fermions is a fixed point theory and, as such, it is scale (and conformally)
invariant. In addition, the non-linear sigma model is not compatible with
the conservation equations of Eq.(21.207).

So, what operators can be added to the action of the non-linear sigma
model to drive the theory to fixed point and to make it consistent with
the conservation laws? It is easy to see that all additional SU(N) invariant
local operators are irrelevant so they cannot do the job. In fact, the only
way to drive this theory of a non-trivial fixed point is to add to the action
a Wess-Zumino-Witten term

SWZW[g] = k

24π
∫
B
ϵ
µνλ

tr (g−1∂µg g
−1
∂νg g

−1
∂λg) (21.209)

which we discussed briefly in section 20.9.3, Eq.(20.145). We will see that
we will also obtain a consistent representation of the conservation laws.

Indeed, the conservation encoded in the full WZW action, Eq.(21.194),



21.6 Examples of two-dimensional CFTs 839

are

0 =
1

2λ2
∂µ(g−1∂µg) − k

8π
ϵ
µν
∂µ(g−1∂νg)

=( 1

2λ2
+

k

8π
)∂−(g−1∂+g) + ( 1

2λ2
−

k

8π
)∂+(g−1∂−g) (21.210)

Therefore, in order to the conservation law of Eq.(21.207) to be satisfied, we
must require that the coupling constant has to be at a particular value

λ
2
c =

4π
k

(21.211)

for k > 0 (and the negative for k < 0). In addition, if the conservation law
holds, then it is satisfied by g(x+, x−) = A(x−)B(x+) (which are arbitrary
SU(N) matrices). Then, we see that at this particular value of the coupling,
at least classically, the right and left moving waves decouple. This is reminis-
cent of the behavior of free massless fermions. Furthermore, Witten carried
out the program of canonical quantization for the WZW theory and showed
that at the quantum level, the currents of the WZW model obey the O(N)k
Kac-Moody algebra, provided the theory is at the value of the coupling
constant λc. The same result holds for other groups, including SU(N)k.

The perturbative renormalization group also offers a hint that the special
value λc of Eq.(21.211) may be a fixed point. We should first notice that
since k is an integer, it cannot flow under the RG, and only the coupling
constant can flow. A one loop calculation, which is only accurate in the weak
coupling regime, yields a beta function (using the high-energy physics sign
convention)

β(λ) = −λ
2(N − 1

4π
)[1 − (λ2k

4π
)2 ] (21.212)

which has an IR stable fixed point at λc. Of course, this argument cannot be
trusted unless k is very large. However, it turns out to be the exact answer.

Witten conjectured a set of bosonization identities for the fermion bilin-
ears, mass terms, that mix the left and right moving sectors. For a theory
with O(N) symmetry, i.e. N free massless Majorana fermions, which is
identified with the O(N)1 WZW model (and, hence, with level k = 1), the
identification of the operators

−i ∶ ψ
i
L(x)ψj,R(x) ∶= Mg

i
j(x) (21.213)

where g
i
j ∈ O(N), and M is a “mass” whose precise form depends on the

normal ordering of the operators on the left hand side of the equation. For
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free massless Dirac fermions with U(N) symmetry, whose current algebra
is U(1)N × SU(N)1, they are mapped by bosonization to the U(1)N free
massless compactified boson φ, and the SU(N)1 WZW non-linear sigma
model whose degree of freedom is g ∈ SU(N) (again, with level k = 1). In
the Dirac case the mass fermion bilinears are identified with group elements
as (Affleck, 1988)

∶ ψ
i
L

†
ψR,j(x) ∶= M exp (i

√
4π
N
φ(x)) g

i
j(x) (21.214)

The action of the WZW model at its IR fixed point is

L =
k

16π
∫ d

2
x tr(∂µg∂µg−1) + k

24π
∫
B
ϵ
µνλ

tr (g−1∂µg g
−1
∂νg g

−1
∂λg)
(21.215)

This is the action of the WZW CFT. We will now analyze this theory form
the CFT point of view.

Knizhnik and Zamolodchikov solved the WZW CFT for a semi-simple
Lie group G (Knizhnik and Zamolodchikov, 1984). They showed that at the
special value of the coupling constant λc, the left and right moving modes of
the WZW model decouple and the theory has an enhanced G×G symmetry.
At this value of λ the theory has full conformal invariance. In the rest of
this section we will describe the WZW CFT on the Euclidean complexified
plane, with coordinates z = x1+ix2 ∈ C, as it is standard in two-dimensional
CFT (Belavin et al., 1984)

TheWZW theory has a Virasoro algebra, generated by its energy-momentum
tensor, and a Kac-Moody algebra generated by its chiral currents. Focus-
ing on the left-moving (holomorphic) sector, Knizhnik and Zamolodchikov
showed that the generators of the two algebras obey the OPEs

T (z)T (z′) = c

2(z − z′)4 +
2(z − z′)2T (z′) + 1

z − z′
T (z′) + . . . (21.216)

T (z)Ja
L(z′) = 1(z − z′)2Ja

L(z′) + 1

z − z′
JL(z′) + . . . (21.217)

J
a
L(z)Jb

L(z′) = kδ
ab

(z − z′)2 +
f
abc

(z − z′)Jc
L(z′) + . . . (21.218)

supplemented with the asymptotic conditions, T (z) ∼ z
−4 and J

a
L(z) ∼ z

−2

as z → ∞. Eq.(21.216) states that T (z) is the generator of a Virasoro algebra
with central charge c, and Eq.(21.218) states that Ja(z) are the generators
of a Kac-Moody algebra with level k. Eq.(21.217) simply states the the chiral
currents J

a
L(z) are fields with dimension (∆, ∆̄) = (1, 0) (see below). The
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right-moving (anti-holomorphic) components, T̄ (z̄) and J
a
R(z̄) obey similar

equations.
The primary fields of this theory, φl(z, z̄) have dimensions (∆l, ∆̄l) and

obey the OPEs

T (w)φl(z, z̄) = ∆l(w − z)2φl(z, z̄) + 1
w − z∂zφl(z, z̄) + . . . (21.219)

J
a
L(w)φl(z, z̄) = t

a
l

w − zφl(z, z̄) + . . . (21.220)

Eq.(21.219) just states the φl(z, z̄) is a Virasoro primary field. In Eq.(21.220),
t
a
l are the generators of the group G for the field φl.
The energy momentum tensor T (z) and the left moving currents J

a
L(z)

admit the mode expansions (the Laurent expansion of Eq.(21.94)), which
here become

T (z) = ∑
n∈Z

Ln

zn+2
, J

a
L(z) = ∑

n∈Z

J
a
n

zn+1
(21.221)

and similar expressions for the right-moving (anti-holomorphic) components.
To alleviate the notation, here we dropped the label L in the WZW current.
The WZW primary fields φl satisfy the following equations (for n > 0)

Lnφl =0, L0φl =∆lφl

J
a
nφl =0, J

a
0φl =t

a
l φl (21.222)

The singular terms in the OPEs of Eqs. (21.216), (21.217), and (21.218)
imply that the operators Ln and J

a
n obey the algebra

[Ln, Lm] =(n−m)Ln+m +
1
12

c(n3
− n)δn+m,0 (21.223)

[Ln, J
a
m] = −mJ

a
n+m (21.224)

[Ja
n , J

b
m] =fabc

J
c
n+m +

1
2
kδ

ab
δn+m,0 (21.225)

where Eq.(21.223) is the Virasoro algebra and Eq.(21.225) is the Kac-Moody
algebra.

The complete set of local fields includes, in addition to the primary fields{φl}, their descendants under the action of both the Virasoro and Kac-
Moody operators, {L−n} and {Ja

−m} (and their right-moving counterparts).
The descendant fields constitute the Verma modulus of the primary field

φl, and have dimensions ∆
{n,m}
l = ∆l +∑N

i=1 ni +∑M
j=1mj, and similarly for

their anti-holomorphic components. In this sense, neither T (z) nor J
a
L(z)

are primary fields since T (z) = L−1 I and J
a
L(z) = J

a
−1 I, where here I is

the identity field.
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What we described above applies to any conformal field theory with a
Virasoro and and a Kac-Moody algebra. We will now apply this formalism
to the WZW models, following closely the work (and notation) of Knizhnik
and Zamolodchikov. The WZW model is a non-linera sigma model with a
field g that takes values on the group G.

The key property of the WZW model are its conserved chiral currents of
Eq.(21.206). In complex coordinates, the conserved currents of the WZW
model will be denoted as J(z) = Ja(z)T a and J̄(z̄) = J̄a(z̄)ta, and are given
by

J(z) = −
k

2
(∂zg(z, z̄))g−1(z, z̄), J(z) = −

k

2
g
−1(z, z̄)(∂z̄g(z, z̄)) (21.226)

and satisfy the conservation laws, ∂z̄J = 0 and ∂zJ̄ = 0. Notice that we have
rescaled the chiral currents relative to the expressions given in Eq.(21.206).

The main assumption of Knizhnik and zamolodchikov is that the set of
fields of the WZW theory contains a primary field g(z, z̄) whose conformal
weights (dimensions) are ∆g = ∆̄g = ∆, and that it satisfies the equations

κ∂zg(z, z̄) =∶ Ja(z)ta g(z, z̄) ∶, κ∂z̄g(z, z̄) =∶ J̄a(z̄)ta g(z, z̄) ∶ (21.227)

where κ will be given below. Since g is a primary field, we expect that it
will have an OPE with the chiral (Kac-Moody) currents of the form

Ja(w)tag(z, z̄) = cg
w − z c(z, z̄) + κ∂zg(z, z̄) + . . . (21.228)

where cg, defined by t
a
t
a
= cgI, is equal to cg = 2C(g) where C(g) is the

quadratic Casimir of the representation, and the ellipsis indicates regular
terms as w → z. The, the normal ordered product of Eq.(21.227) is defined
as the limit

∶ Ja(z)ta g(z, z̄) ∶= lim
w→z

(Ja(w) − t
a

w − z )tag(z, z̄) (21.229)

The OPE of Eq.(21.228) implies that there is a field in this CFT,

χ ≡ (Ja
−1t

a
− κL−1)g = 0 (21.230)

which is a null field. Here we used that ∂zg = L−1g. Therefore, χ is a null
state and the representation is degenerate. Consistency then requires that
χ be a primary field that satisfies

L0χ =(∆ + 1)χ, J
a
0χ = t

a
χ

Lnχ =J
a
nχ = 0, for n > 0 (21.231)
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While the first equation is automatically satisfied, the second equation holds
provided

cg + 2∆κ = 0, cV + k + 2κ = 0 (21.232)

where cV , defined by

f
acd

f
bcd

= cV δab (21.233)

is the quadratic Casimir of the adjoint representation. These conditions im-
ply that the scaling dimension ∆ of the primary field g must be

∆ =
2C(g)
cV + k

(21.234)

and that the parameter κ is

κ = −
1
2
(cV + k) (21.235)

Another way to reach the same conclusions is to construct the energy-
momentum tensor of the quantized theory. We will assume that the energy-
momentum tensor has the Sugawara form,

T (z) = 1
2κ

∶ J
a(z)Ja(z) ∶, T̄ (z) = 1

2κ
∶ J̄

a(z)J̄a(z) ∶ (21.236)

with the same constant κ used above. This structure of the energy-momentum
tensor means that the OPE of the currents should be

J
a(z)Ja(z′) = kD(z − z′)2 + 2κT (z) + . . . (21.237)

where D is the dimensions of the group G (i.e. the number of generators).
Since the energy-momentum tensor T (z) and the currents Ja(z) must also
satisfy the Virasoro and Kac-Moody algebras, Eqs.(21.216), (21.217), and
(21.218), the above equation will be satisfied only if the central charge c is
given by

c =
kD

cV + k
(21.238)

and the constant κ is given by Eq.(21.235).
These results also imply that the generators of the two algebras must be

related to each other through the expression

Ln =
1
2κ

∑
m∈Z

∶ J
a
mJ

a
n−m ∶ (21.239)

where normal ordering here means that Jn with n < 0 are placed to the left
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of Jm with m > 0. Then, if we use this definition for L−1 and have it act on
the primary field g, we obtain the null state χ of Eq.(21.230).

Furthermore, this line of reasoning actually applies to all the primary
fields in the theory, and not just the WZW field g. We then conclude that
the scaling dimensions of all primary fields are given by

∆ =
2C(φl)
cV + k

, ∆̄ =
2C̄(φl)
cV + k

(21.240)

where C(φl) is the quadratic Casimir of the representation associated with
the primary field φl. One result that also follows is that the slope of the beta
function at the WZW fixed point is

dβ(λ2, k)
dλ2

''''''''''λ2=4π/k =
2cV

cV + k
(21.241)

which agrees with Witten’s one-loop result.
Knizhnik and Zamolodchikov also showed that the correlators of the g

field satisfy the differential equations

[κ ∂

∂z−i
−

N

∑
j=1

t
a
i t

a
j

zi − zj
]⟨g(z1, z̄1) . . . g(zN , z̄N )⟩ = 0 (21.242)

which is known as the Knizhnik-Zamolodchikov equation. These equations,
and their generalizations for other primary fields, can then be used to obtain
the correlation functions of the WZW theory.

We end our discussion of the WZW CFT by applying these results for
the case of the group G = SU(N). In this case, the dimension of the group
is D = N

2
− 1, the Casimir of the adjoint representation is cV = N . This

implies that for SU(N)k WZW CFT, the energy-tensor is

T (z) = −
1(N + k) ∶ J

a(z)Ja(z) ∶ (21.243)

The central charge is

c =
k(N2

− 1)
N + k

(21.244)

and that the scaling dimensions are

∆l =
2Cl

N + k
(21.245)

In particular, the dimension of the WZW field g is

∆ =
N

2
− 1

2N(N + k) (21.246)
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We should not that the central charges for the WZW theory are, in general,
fractional numbers. This implies that these fixed points are, in general, not
free field theories. However, level k = 1 theories can represent free fields.

For instance, in the case of SU(N)1, we readily obtain that c = 1. and
that ∆ = ∆̄ = (N −1)/2N . Both results are consistent with the non-abelian
bosonization identification of the free fermion mass terms in Eq.(21.214)
with a product of the U(1)N vertex operator exp(i√4π/Nφ) and the WZW
field g. Indeed, one can see that the dimensions of these operators add up
to 1/2. Hence, the mass terms have dimension 1 and conformal spin 0, as
they should. Moreover the central charges also add up to the correct value,
c(U(1)N ) + c(SU(N)1) = N , the value for N free Dirac fields. Moreover,
the energy momentum tensor of the free fermions becomes the sum

TDirac =

N

∑
i=1

∶ ψ
†
i (z)∂zψi(z) ∶↦ −

1
2N

∶ J(z)J(z) ∶ − 1
N + 1

∶ J
a(z)Ja(z) ∶

(21.247)
In other words, the abelian U(1) sector and the non-abelian SU(N) sec-
tor factorize, with the central charges and scaling dimensions adding up to
their free field values, and the full Hilbert space decomposes into the tensor
product of the individual Hilbert spaces.


